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Abstract. We consider a family of generic weighted arrangements of hyperplanes and 
show that the associated Gauss-Manin connection, the contravariant form on the space of 
singular vectors, and the algebra of functions on the critical set of the master function define 
a Frobenius like structure on the base of the family. 
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1. Introduction 

There are three places, where a flat connection depending on a parameter appears: 

• KZ equations, 

dl 

(1.1) K—{z) = Ki{z)I{z), Z = {Zi, . . . ,Zn), t = l,...,n. 

OZi 

Here k is a parameter, I{z) a valued function, where is a vector space from representation 
theory, Ki[z) : V ^ V are linear operators, depending on z. The connection is flat for all k. 

• Quantum differential equations, 

dl 

(1.2) K—{z)=pi*^I{z), Z = {Zi, . . . ,Zn), z = l,...,n. 

Here pi, . . . ,pn are generators of some commutative algebra H with quantum multiplica- 
tion depending on z. These equations are part of the Frobenius structure on the quantum 
cohomology of a variety. 
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• Differential equations for hypergeometric integrals associated with a family of weighted 
arrangements with parallelly translated hyperplanes, 

dl 

(1.3) K—{z) = Ki{z)I{z), Z = {Zi,...,Zn), t = l,...,n. 

It is well known that KZ equations are closely related with the differential equations for 
hypergeometric integrals. According to |SV] the KZ equations can be presented as equations 
for hypergeometric integrals for suitable arrangements. Thus (11. II) and (II. 3p are related. 
Recently it was realized that in some cases the KZ equations appear as quantum differen- 
tial equations, see |BMO] and |GRTV] . and therefore the KZ equations are related to the 
Frobenius structures. On Frobenius structures see, for example, |D1[ ID2t IM]. Hence (II. ip 
and ( 11. 2p are related. In this paper I argue how a Frobenius like structure may appear on 
the base of a family of weighted arrangements. The goal is to make equations (11.31) related 
to Frobenius structures. 

The main ingredients of a Frobenius structure are a fiat connection depending on a pa- 
rameter, a constant metric, a multiplication on tangent spaces. In our case, the connection 
comes from the differential equations for the associated hypergeometric integrals, the fiat 
metric comes from the contravariant form on the space of singular vectors and the multi- 
plication comes from the multiplication in the algebra of functions on the critical set of the 
master function. In this paper I consider the families of generic weighted arrangements. 

The organization of the paper is as follows. In Section|2l objects associated with a weighted 
arrangement are recalled (Orlik- Solomon algebra, space of singular vectors, contravariant 
form, master function, canonical isomorphism of the space of singular vectors and the algebra 
of functions on the critical set of the master function). In Section [3l a family of arrangements 
with parallelly translated hyperplanes is considered. The construction of a Frobenius like 
structure on the base of the family is given. Conjectures 13. 7| 13.81 13.141 are formulated and 
corollaries of the conjectures are discussed. In Sections S] and O the conjectures are proved for 
the family of points on the line and for a family of generic arrangements of lines on plane. The 
corresponding Frobenius like structures are described. Here are the corresponding potential 
functions of second kind: 

(1.4) P{zi, ...,Zn) = ^ ^ aittj {Zi - Zjf \og{Zi - Zj) 

for the family of arrangements of n points on line and 
(1.5) 

P{Zi, . . . , Zn) = -y ,2 ^2 M + ^jdk,i + Z^di^jY \og{Zidj^k + Zjdk^i + Zkdij) 

l^i<j<k^nVj,k(^k,i 

for the family of arrangements of n generic lines on plane. The variables zi,...,Zn are 
parameters of the families, ai, . . . , a„ are weights, \a\ = ai + ■ ■ ■ + a„, the number dk/ is 
the oriented area of the parallelogram generated by the normal vectors to the k-th and i-th 
lines, see formulas (I4.36P and (I6.44p . Note that the potential P from (11.41) appears in [D2j 
for ai = ■ ■ ■ = a„ and in [Ri] for oi, . . . , a„ G Z. 
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In Section [6], the conjectures are proved for a family of generic arrangements in C'^ for any 
k. In Subsection 16.61 a proof of Conjectures 13.71 and 13.81 for any family of arrangements is 
sketched. The complete proofs will be published elsewhere. 

In this paper I followed one of I.M. Gelfand's rules: for a new subject, choose the simplest 
nontrivial example and write down everything explicitly for this example, see the introduction 
to [EFK] . 

I thank V. Schechtman and V. Tarasov for useful discussions. 

2. Arrangements 

2.1. AfHne arrangement. Let k, n be positive integers, k < n. Denote J = {1, . . . , n}. Let 

C = {Hj)j^j, be an arrangement of n affine hyperplanes in C'^. Denote U = C'^ — Uj^jHj, 
the complement. An edge C C'^ of C is a nonempty intersection of some hyperplanes 
of C. Denote by Jq, C J the subset of indices of all hyperplanes containing Xa- Denote 
la = codim^fc Xa- 

We assume that C is essential, that is, C has a vertex. An edge is called dense if the 
subarrangement of all hyperplanes containing the edge is irreducible: the hyperplanes cannot 
be partitioned into nonempty sets so that, after a change of coordinates, hyperplanes in 
different sets are in different coordinates. 

2.2. Orlik-Solomon algebra. Define complex vector spaces A^{C), p = 0, . . . , k. For p = 

we set A^{C) = C For p ^ 1, A^{C) is generated by symbols {Hj-^, Hj^) with ji G J, such 
that 

(i) {Hj-^, ...,Hj^) = if Hj^,...,Hj^ are not in general position, that is, if the intersection 
Hj^ n ... n Hj^ is empty or has codimension less than p; 

(ii) (ifj^jjj, ifj^j^j) = {—iy"^{Hjj^,...,Hj^) for any element a of the symmetric group 

(iii) Er=i(-l)*(^^ii,--,^i,,--,^ip+i) = for any {p + l)-tuple Hj^, Hj^^^ of hyper- 
planes in C which are not in general position and such that ifj^ fl ... fl Hj^^-^ ^ 0. 

The direct sum A{C) = Q)p=iA^{C) is the (Orlik-Solomon) algebra with respect to multipli- 
cation 

(2.1) (Hj^, Hj^) ■ (i^jp+i, i^jp+J = (Hj^, Hj^, Hj^^^, ifjp+J. 

2.3. Orlik-Solomon algebra as an algebra of differential forms. For j G J, fix a 

defining equation for the hyperplane Hj, fj = 0, where fj is a polynomial of degree one on 
C'^. Consider the logarithmic differential form uj = dfj/fj on C^. Let A{C) be the C-algebra 
of differential forms generated by 1 and Uj, j G J. The map A{C) — )• A{C), (Hj) i— )■ Uj, is 
an isomorphism. We identify A{C) and A{C). 

2.4. Weights. An arrangement C is weighted if a map a : J ^ C^, j aj, is given; aj is 
called the weight of Hj. For an edge Xa, define its weight aa = 

Denote z/(a) = '^j^j o,j{Hj) G A^{C). Multiplication by z/(a) defines a differential d^""^ : 
AP{C) AP+\C), X ^ z/(a) ■ X, on AiC). 
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2.5. Space of flags, see |SVj . For an edge of codimension 1^ = p, a. flag starting at Xa 
is a sequence 

(2.2) D Xq,^ D ■ ■ ■ D = Xq, 

of edges such that la^ = j for j = 0, . . . ,p. For an edge X^, we define J^a as the complex 
vector space with basis vectors Fao,...,ap=a labeled by the elements of the set of all flags 
starting at X^. 

Define J-'a as the quotient of J^a by the subspace generated by all the vectors of the form 



E 7. 



ao,...,aj_i,f3,aj+i,...,ap=a ■ 

Such a vector is determined by j G {1, . . . ,p—l} and an incomplete flag X^g D ... D Xq,^_j D 
Xc,.+i D ... D X„p = X„ with = z. ^ 

Denote by Fa^^. ..^ap the image in J^a of the basis vector Fao,...^ap- For p = 0, . . . , fc, we set 

(2.3) 7^{C) = ©x.,/.=p-F. . 



2.6. Duality, see |SV] . The vector spaces A^{C) and J^^iC) are dual. The pairing v4p(C) 
J-'^(C) — 7- C is defined as follows. For Hj^, Hj^ in general position, we set F{Hj^, Hj^) = 
Fao,...,ap where X„(, = C'', Xq.^ = Hj^, . . . , X^^ = i/,-^ fl • • ■ fl ifj^. Then we define 
{{Hj^,...,Hj^),Fo,o,...,ap) = (-1)'''', if ^ao,...,ap = ^(^i.d) > • • • > ^j<.(p) ) fo^ somc a G Ep, and 
{{Hj^, ...,Hj^),Fao,...,ap) = otherwise. 

Define a map 5^'^) : J^p{C) Tp-\C) to be the map adjoint to S""^ : A^-^C) A^iC). 
An element v G J^'^{C) is called singular if ^^'^-'f = 0. Denote by 

(2.4) Sing J^\C) C J^'^(C:) 
the subspace of all singular vectors. 

2.7. Contravariant map and form, see jSVj. Weights {aj)j^j determine a contravariant 
map 

(2.5) S^^^ : J^iC) ^ A^iC), ^ E ^^-i ■ ■ ■ ^^-^ • • • ' ^^.) ' 
where the sum is taken over all p-tuples {Hj-^, Hj^) such that 

(2.6) H,,dX^,, H.^dX^^. 
Identifying Ap{C) with J-'p(C)*, we consider this map as a bilinear form, 

(2.7) : J^P(C) ® J^P(C) ^ C. 

The bilinear form is called the contravariant form. The contravariant form is symmetric. 
For Fl, F2 G J^P(C), we have 

(2.8) 5(«)(Fi,F2)= E ((//,„..., ((//,„..., if, J, F^) , 
where the sum is over all unordered p-element subsets. 



6 



ALEXANDER VARCHENKO 



2.8. Arrangement with normal crossings. An essential arrangement C is with normal 
crossings, if exactly k hyperplanes meet at every vertex of C. Assume that C is an essential 
arrangement with normal crossings only. A subset {ji, . . . ,jp} C J is called independent if 
the hyperplanes ifj^ , • • • , Hj^ intersect transversally. 

A basis of A^{C) is formed by {Hj^, . . . , Hj^) where {ji < ■■■ < jp} are independent 
ordered p-element subsets of J. The dual basis of J-'^(C) is formed by the corresponding 
vectors F{Hj^, . . . , Hj^). These bases of A^{C) and J^'^iC) will be called standard. 

We have 

(2.9) F(i7,,, . . . , H,^) = (-l)l-lF(i7,^^^,, . . . , H,^J, a G S,. 
For an independent subset {ji, . . . ,jp}, we have 

(2.10) S^'^\FiH,,, . . . , FiH,,, . . . , H,^)) = a,, ■ ■ ■ a,, 
and 

(2.11) S^^\FiH,,, . . . , H,^), F{H,,, . . . , H,J) = 
for distinct elements of the standard basis. 

2.9. If the weights of dense edges are nonzero. 

Theorem 2.1. Assume that the weights {aj)j^j are such that the weights of all dense edges 
of C are nonzero. Then 

(i) the contravariant form is nondegenerate; 

(i) HP{A*{C),d^^^) = for p < k and dim H^{A* ^d'^"^) = \xiU)\, where xiU) is the 
Euler characteristics ofU. 
In particular, these statements hold if all the weights are positive. 

Part (i) is proved in |SVj . Part (ii) is a straightforward corollary of results in |SV] as 
explained in Theorem 2.2 in |V6j . Part (ii) is proved in |Y], |UT2j . 

2.10. Master function. Given weights {aj)j^j, define the (multivalued) master function 
$ : f/ — i- C by the formula: 

(2.12) $ = $c^^ = ^a,log/,. 
A point t G f/ is a critical point if d^\t = i^{a)\t = 0. 

Theorem 2.2 ( |V3t lUTlt IBi]). For generic weights {aj)j^j all the critical points of ^ are 
nondegenerate and the number of critical points equals \x{U)\. □ 

2.11. If the weights are unbalanced. Let C = {Hj)j^j be an essential arrangement in C*^ 
with weights {aj)j^j. Consider the compactification of the arrangement C in the projective 
space P*^. Assign the weight a^o = — J2jeJ^J hyperplane i^oo = P'^ — C'^ and denote 
by C the arrangement (-ffj)jejuoo in 

The weights of the arrangement C are called unbalanced if the weights of all the dense 
edges of C are nonzero, see [V6j. For example, if all the weights {aj)j^j are positive, then the 
weights are unbalanced. The unbalanced weights form a Zarisky open subset in the space of 
all weight systems on C. 
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Theorem 2.3 ( [V6j ) . // the weights a = of C are unbalanced, then all the critical 

points of the master function of the weighted arrangement (C, a) are isolated and the sum of 
Milnor numbers of all the critical points equals |x(f^)|- 



2.12. Hessian and residue bilinear form. Denote C([/) the algebra of rational functions 



on regular on U and /$ = | i = l,...,fc ) C C{U) the ideal generated by first 



derivatives of $. Let 

(2.13) = C{U)/h 

be the algebra of functions on the critical set and [] : C(t)ij — > A^, / i— )■ [/], the canonical 
homomorphism. 

If all critical points are isolated, then the critical set is finite and the algebra A$ is finite- 
dimensional. In that case, A,^ is the direct sum of local algebras corresponding to points p 
of the critical set, 

(2.14) A$ = ®pAp^^ . 

The local algebra $ can be defined as the quotient of the algebra of germs at p of holo- 
morphic functions modulo the ideal generated first derivatives of 

Lemma 2.4 ( | V6] ) . The elements [l/fj], j G J, generate □ 
We fix affine coordinates ti, . . . , on C^. Let 

(2.15) /, =6; + 6;ti + --- + 6^^tfc. 
Lemma 2.5. The identity element [1] G Aij,{z) satisfies the equation 

where \a\ = hi- 
proof. The lemma follows from the equality 



dt^ ' ' ^ n/, 

1=1 * jeJ •'^ 



□ 



Surprisingly, formula f l2.17p and Lemma 12.41 play central roles in the constructions of this 
paper. 

We define the rational function Hess : C'^ — )■ C, regular on U, by the formula 

(2.18) Hess(t) = det (^^^)it) . 

^ ^ i^ijKkKdtidtjJ^ ^ 

The function is called the Hessian of $. 

Let pp : Ap^^ — )■ C, be the Grothendieck residue, 

1 „ / 1 f f dtiA--- Adtk 



(2.19) / ^^ =— Resp , - ^ ^ . . 
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where Tp is the real k cycle in a small neighborhood of p, defined by the equations ||^| = 
ej, i = 1, . . . , fc, and oriented by the condition (iarg |^A- ■ -Arfarg ^ > 0, here are positive 
numbers sufficiently small with respect to the size of the neighborhood, see |GHl lAGVj . 

Let ( , )p be the residue bilinear form on Ap^i^,, 

(2.20) {f,g)p = ppifg), 

for f,g& Ap^q,. This form is nondegenerate. 

Let all the critical points of $ be isolated and hence, A$ = ©pAp^$. We define the residue 
bilinear form ( , ) on A<s> as (Bp{ , )p. This form is nondegenerate and {fg, h) = {f,gh) for all 
f,g,h& In other words, the pair (A<j,, ( , )) is a Frobenius algebra. 

2.13. Canonical isomorphism and algebra structures on Sing J^'^(C). Let {Fm)m&M be 
a basis of and {H"^)m£Ai C A''{C) the dual basis. Consider the element H'^®Fm e 

A^{C) ® 7^{C). We have if" = /"c/ti A ■ ■ ■ A dtk for some /™ E C{U). The element 

(2.21) E=J2r®^rn e C{U)®7\C) 

is called the canonical element of C. Denote [E] the image of the canonical element in 
A^^J^''{C). 

Theorem 2.6 ([V6]). We have [E] G A$ ® SingJ^'=(C). 

Assume that all critical points of $ are isolated. Introduce the linear map 

(2.22) a-.A^-^ Sing J-'=(C), [g] ^ {[g], [E]). 

Theorem 2.7 ( |V6] ) . If the weights {aj)j^j of C are unbalanced, then the canonical map a 
is an isomorphism of vector spaces. The isomorphism a identifies the residue form on 
and the contravariant form on SingJ-''^(C) multiplied by (—1)^, that is, 

(2.23) (/, g) = i-l)'S^''\aif), aig)) for all /, g G A^. 

The map a is called the canonical map or canonical isomorphism. 

Corollary 2.8 ( |V6j ) . The restriction of the contravariant form S^^^ to the subspace Sing J-''^(C) 
is nondegenerate. □ 

On the restriction of the contravariant form S^^^ to the subspace Sing J-''^(C) see |Fa V] . 
If all critical points p of the master function are nondegenerate, then 

p m ^ ' 

If the weights {aj)j^j of C are unbalanced, then the canonical isomorphism a : ^4$ 
SingJ^'^(C) induces a commutative associative algebra structure on SingJ^'^(C). Together 
with the contravariant form it is a Frobenius algebra structure. 
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2.14. Change of variables and canonical isomorphism. Assume that we change coor- 
dinates on C", tj = Yl^j=i '^ij^j with Cij E C 

Lemma 2.9. The canonical map (12.221) in coordinates ti,...,tk equals the canonical map 
fl2.22p in coordinates si, . . . ,Sk divided by det(cij), at = det(c- 

Proof. We have if™ = /""citiA- ■ -Adtk = det(cij)/™(isiA- • -Adsk and Hesst = det^(cij)HesSs. 
Now the lemma follows, for example, from fl2.24p . □ 

To make the map (12.221) independent of coordinates one needs to consider it as a map 

(2.25) A^^dtiA---Adtk^SmgT''{C), [g] dti A ■ ■ ■ A dt^ ^ i[g],[E]). 

3. A FAMILY OF PARALLELLY TRANSLATED HYPERPLANES 

3.1. An arrangement in C" x C'^. Recall that J = {1, . . . ,n}. Consider C'^ with coordi- 
nates ti, . . . , tk, C" with coordinates zi, . . . , Zn, the projection C" x C'^ — )■ C". Fix n nonzero 
linear functions on C*', Qj = 6jti + ■ ■ ■ + bji^, j G J, where 6* G C. Define n linear functions 

on X C'^, fj = Zj + gj = zj + H h bjtk, j G J. In C" x we define the arrangement 

C = {Hj I fj = 0, j G J}. Denote U = x - UjejHj. 

For every z = {zi, . . . , Zn) the arrangement C induces an arrangement C{z) in the fiber of 
the projection over z. We identify every fiber with C*^. Then C{z) consists of hyperplanes 
Hj{z),j G J, defined in C'^ by the equations fj = 0. Denote U{C{z)) = — \Jj^jHj{z), the 
complement to the arrangement C{z). We assume that for every z the arrangement C{z) has 
a vertex. 

A point z G C" is called good if C{z) has normal crossings only. Good points form the 
complement in C" to the union of suitable hyperplanes called the discriminant. 

3.2. Discriminant. The collection {gj)jej induces a matroid structure on J. A subset 
C = {ii, ... ,ir} C J is a circuit if {gi)iec are linearly dependent but any proper subset of C 
gives linearly independent gi^s. 

For a circuit C = {ii, . . . ,ir}, let {\f)i^c be a nonzero collection of complex numbers 
such that J2iec '^'i 9i — 0- Such a collection is unique up to multiplication by a nonzero 
number. 

For every circuit C we fix such a collection and denote fc = ^jgc"^?-^*- '^^^ equation 
fc = defines a hyperplane He in C". It is convenient to assume that Ap = for i E J — C 
and write fc = Y^i^^j^f^i- 

For any 2; G C", the hyperplanes {Hi{z))iQC in have nonempty intersection if and only 
if 2; G He- If 2; G He, then the intersection has codimension r — 1 in C'^. 

Denote by € the set of all circuits in J. Denote A = Ucec-f^c- The arrangement C{z) in 
has normal crossings if and only if 2 G C" — A, see |V6j . 

3.3. Good fibers and combinatorial connection. For any z^jz"^ G C" — A, the spaces 
J^'f{C{z^)), J^P{C{z'^)) are canonically identified. Namely, a vector F{Hj^{z^), . . . , Hj^{z^)) of 
the first space is identified with the vector F{Hj^{z'^), . . . , Hj^^z"^)) of the second. In other 
words, we identify the standard bases of these spaces. 
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Assume that nonzero weights {a,j)ji^.j are given. Then each arrangement C{z) is weighted. 
The identification of spaces J^^{C{z^)), J^^{C{z^)) for 2:^,2;^ G C" — A identifies the corre- 
sponding subspaces Sing J^*^(C(z^)), Sing J^'^(C(z^)) and contravariant forms. 

For a point z G C" - A, we denote V = J^^{C{z)), SingV = Sing J^^{C{z)). The triple 
(V, SingV, S^""^) does not depend on 2; G C" — A under the above identification. 

As a resuh of this reasoning we obtain the canonically trivialized vector bundle 

(3.1) U,ec"-A ^ C" - A, 

with the canonically trivialized subbundle Uz£C"-a Sing J^'^iCiz)) C"-A and the constant 
contravariant form on the fibers. This trivialization identifies the bundle in ( 13. ip with 

(3.2) (C" - A) X V ^ C" - A 
and the subbundle with 

(3.3) (C" - A) X (Sing V) ^ C" - A. 

The bundle in f l3.3p will be called the combinatorial bundle, the flat connection on it will be 
called combinatorial. 

Lemma 3.1. // the weights {aj)j^j are unbalanced for the arrangement C{z) for some z G 
C" — A, then the weights {aj)j^j are unbalanced for C{z) for all z G C" — A. □ 

3.4. Bad fibers. Points of A C C" are called bad. Let z° G A and z G C" - A. By 
definition, for any p the space A^{C{z^)) is obtained from A^{C{z)) by adding new relations. 
Hence A^{C{z^)) is canonically identified with the quotient space of V* = A^{C{z)) and 
J^P(C(z°)) is identified with a subspace of V = J^p{C{z)). 

3.5. Operators Kj{z) : V ^ V, j & J. For any circuit C = {ii, . . . , v} C J, we define the 
linear operator Lc : V ^ V a.s follows. 

For m = 1, . . . , r, we define Cm = C — {im}- Let {ji < ■ ■ ■ < jk} C J be an independent 
ordered subset and F{Hj^, . . . ,HjJ the corresponding element of the standard basis. We 
define Lc : F{Hj„ HJ ^ if . . . , n C| < r - L If {j,, ...,j,}nC = C„ for 
some 1 ^ m ^ r, then by using the skew-symmetry property fl2.9p we can write 

(3.4) F{Hj^, . . . ,Hj^) = ±F{Hi^,Hi^, . . . ,Hi^, . . . ,Hi^^^Hi^,Hs^, . . . ,Hsf^_^^-,) 
with {si, Sk^r+i} = {ji, ■■■Jk} - Cm- We set 

(3.5) Lc : F{Hi^, . . . ,Hi^, . . . ,Hi^,Hs^, . . . ,Hs^_^.^J 

r 

1=1 

Consider on x C'^ the logarithmic differential one- forms ooc = j^, C G £. Recall that 
fc = ^fzj^ We define 

(3.6) K,iz) = J2^^Lc, jeJ. 
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The operators Kj[z) are rational functions on C" regular on C" — A and 

(3.7) ^uJc®Lc = ^ dzj ® Kj{z). 

Theorem 3.2 ( |V6j ) . For any j E J and z G C" — A, the operator Kj{z) preserves the 
subspace SingV^ C V and is a symmetric operator, S^"'\Kj(z)v,w) = S^"'\v, Kj(z)w) for all 
v,w E V. 

3.6. Gauss-Manin connection on (C" — A) x (Singl^) — )■ — A. Consider the master 
function 

(3.8) ^z,t) = Y,aj\ogf,iz,t) 

as a function on f/ c C" x C'^. Let k G C^. The function e**^^'*_^/'' defines a rank one local 
system on U whose horizontal sections over open subsets of U are univalued branches of 
g*(^,*)/K multiplied by complex numbers. 
The vector bundle 

(3.9) U,ec'-A Hk{U{C{z)), C^\u[c{z))) ^ C" - A 

will be called the homology bundle. The homology bundle has a canonical flat Gauss-Manin 
connection. 

For a fixed z, choose any 7 G Hk(U{C{z)), C^^^u{c{z)))■ The linear map 

(3.10) {7} : A''{C{z))^£, io^ /"e*(^'*)/''a;, 

J ^ 

is an element of Sing J-''''(C(2;)) by Stokes' theorem. It is known that for generic k any 
element of Sing J-'^(C(z)) corresponds to a certain 7 and in that case this construction gives 
an isomorphism 

(3.11) Hk{U{C{z)),C^\uic{z))) -> Sing^'^(C(^)), 

see |SVj . This isomorphism will be called the integration isomorphism. The precise values of 
K for which (13. lip is an isomorphism can be deduced from the determinant formula in |Vlj . 

For generic k the fiber isomorphisms (13. lip defines an isomorphism of the homology bundle 
and the combinatorial bundle. The Gauss-Manin connection induces a flat connection on 
the combinatorial bundle. This connection on the combinatorial bundle will be also called 
the Gauss-Manin connection. 

Thus, there are two connections on the combinatorial bundle: the combinatorial connection 
and the Gauss-Manin connection depending on k. In this situation we can consider the 
differential equations for fiat sections of the Gauss-Manin connection with respect to the 
combinatorially fiat standard basis. Namely, let 7(2;) G Hk{U{C{z)), Cf^\u(^c{z))) be a fiat 
section of the Gauss-Manin connection. Let us write the corresponding section I-^{z) of the 
bundle C" x Sing V — )■ C" in the combinatorially fiat standard basis, 

(3.12) 

independent 

Oi<---<jfe}cJ 
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For / = ^ . . . , HjJ and j G J, we denote 

(3.13) -^j2—nH,,...,H,j. 

Theorem 3.3 ( |V2t IV6] ). The section I^{z) satisfies the differential equations 

(3.14) K^{z) = K,{z)I{z), jeJ, 

where Kj{z) : V ^ V are the linear operators defined in (13. 6p . 

From this formula we see, in particular, that the combinatorial connection on the combi- 
natorial bundle is the limit of the Gauss-Manin connection as k — )■ oo. 

3.7. Bundle of algebras. For z G C", denote A<^{z) the algebra of functions on the critical 
set of the master function ^{z,-) : U{C{z)) — t- C. Assume that the weights {aj)j^j are 
unbalanced for all C{z), z G C" — A. Then the dimension of Ais,{z) does not depend on 
z G C" — A and equals dim Sing l^. Denote \a\ = Ylij^^j'^j- 

Lemma 3.4. The identity element [\]{z) G Aq,{z) satisfies the equation 

(3.15) WW = AE^^jT ■ 

Proof. The lemma follows from Lemma 12.51 □ 
The vector bundle 

(3.16) U,ec"-A^$(2) ^C"- A 

will be called the bundle of algebras of functions on the critical set. The fiber isomorphisms 

a{z) : Aq,{z) — )■ SingV, 

establish an isomorphism a of the bundle of algebras and the combinatorial bundle. The 
isomorphism a and the connections on the combinatorial bundle (combinatorial and Gauss- 
Manin connections) induce connections on the bundle of algebras which will be called also 
the combinatorial and Gauss-Manin connections on the bundle of algebras. 

The canonical isomorphism a{z) induces a Frobenius algebra structure on SingV^ which 
depends on z. The multiplication *z is described by the following theorem. 



Theorem 3.5 ([V6J). The elements a{z) 
have 



G Sing V , j G J , generate the algebra. We 



(3.17) a{z) ^1 *,v = Kj{z)v, 



for all V G Sing V and j G J . 
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3.8. Quantum integrable model of the arrangement {C{z),a). For 2; G C" — A, the 

(commutative) subalgebra B{z) C End(Singy) generated by Kj{z),j G J, is caUed the alge- 
bra of geometric Hamiltonians, the triple (Singl^, S^°'\ B{z)) is called the quantum integrable 
model of the weighted arrangement {C{z),a), see [V6j . 

The canonical isomorphism a{z) identifies the triple {Sing V, S^°'\B{z)) with the triple 
(A$(z), (-!)'=(, )„A^{z)), see Theorems O and [331 

Notice that the operators Kj{z) are defined in combinatorial terms, see Section [375| while 
the algebra A$(z) is an analytic object, see fl2.13p . C.f. Corollaries 15.281 and 16.211 

3.9. A remark. Asymptotically flat sections. Assume that the weights {aj)j^j are 
unbalanced for all C{z), 2; G — A. Let i? C C" — A be an open real 2n- dimensional ball. 
Let \1/ : S — ^ C be a holomorphic function. Let Sj,j G Z^o be holomorphic sections over B 
of the bundle of algebras, see fl3.16p . We say that 

(3.18) s{z, k) = e*(^)/" K^Sj{z) 

is an asymptotically fiat section of the Gauss-Manin connection on bundle of algebras as 
K — 7- if s{z^ k) satisfies the fiat section equations formally, see, for example, |RV[ IV5j . 

Assume that B is such that for any z E B, all the critical points of $(z, ■) : U{C{z)) — )■ C 
are nondegenerate. Let us order them: pi{z), . . . ,Pd{z), where d = dim Aip{z) = dim Sing l^. 
We may assume that every Pi{z) depends on z holomorphically. Then the function 

(3.19) z \^B.ess{z,p,{z)) = det [——-){z,Pi{z)) 

l^ij^k \OtiOtj / 

is a nonzero holomorphic function on B. We fix a square root }less{z, Pi{z)Y^'^ . We denote 
Wi{z) the element of A$(z) which equals Hess(z,pi(2;))^/^ at Pi{z) and equals zero at all other 
critical points. Let ( , )2 be the residue form on Ais,{z). Then 

(3.20) {wi{z),Wj{z))z = 6ij and Wi{z) ■ Wj{z) = 6ijRess{z,pi{z)y^'^Wi{z) 
for all i,j. 

Theorem 3.6. For every i, there exists a unique asymptotically flat section s{z, n) 
= e*^^^/** ^^x) K-'sj(2;) of the Gauss-Manin connection on the bundle of algebras such that 

(3.21) ^{z) =^{z,pi{z)) and soiz) = Wi{z). 

Proof. We first write asymptotically fiat sections of the Gauss-Manin connection on the bun- 
dle (C" — A) X Sing V — > (C" — A) by using the steepest descent method as in [RV[ IV5j and 
then observe that the leading terms of those sections are nothing else but 
a(z)(e*("'f^(^»/'^Wi(z)). □ 

3.10. Conformal blocks, period map, potential functions. Denote by 

(3.22) {l}{z) = a{zm{z)) 

the identity element of the algebra structure on Sing V corresponding to a point z E C"' — A. 
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Conjecture 3.7. The SingV -valued function {l}{z) satisfies the Gauss-Manin differential 
equations with parameter k = 



(3.23) 



\a\ d{l} 



{z) = K,{z){l}{zl 



k dzj ^"^ " ^ 

where the derivatives are defined with respect to a combinatorially flat basis as in (13.131) . 
More generally, for r < k and mi, . . . , G J, denote 



(3.24) 



■■mi,...,™. 



^^mi • • • dz^n, 



iz). 



Then the SingV -valued function mr{z) satisfies the Gauss-Manin differential equations 
\± 

k—r ' 



with parameter k 
(3.25) 



\a\ dl, 



k 



mi,...,mr 

dzj 



Kj (2^)-/^mi 



JG J. 



Conjecture 3.8. If we write the SingV -valued function {l}{z) in coordinates with respect 
to a combinatorially flat basis, then {l}{z) is a homogeneous polynomial in z of degree k. 

The conjectures describes the interrelations of four objects: the identity element in Ai^{z), 
the canonical isomorphism, the integration isomorphism, and the Gauss-Manin connection 
on the homology bundle. In the next sections we will prove this conjecture for families of 
generic arrangements. 

Theorem 3.9. // Gonjecture 3. 7| holds, then for r ^ k and mi, . . . , G J, we have 



(3.26) 



k{k-l)...{k-r + l) 



dzjiii • • • dz^i 



a[z 



(n 



Proof. The proof is by induction on r. For r = 0, the statement is true: {1} = {1}. Assuming 
the statement is true for some r, we prove the statement for r + 1. By ( I3.25p and Theorem 
13. 5[ we have 

(3.27) 



dZfni ■ ■ ■ 9z^^dz^ 



k — r 



\a\ 



L^^mi • • • (^ZjYi,. 



k-r , wra,lN A;(A; - 1) . . . (A; - r + 1) 
\a\ L/jJ^ \a\ 



(n 



^ ^ fnii - 



k{k- l)...{k-r + l){k-r) 



\r+l 



w([f]n[g). 



□ 



For given r < k, the sections Imi,...,mr{^)y ■ ■ ■ ,mr G J, generate a subbundle of the 
combinatorial bundle. We will call it the subbundle of conformal blocks at level -r^ and 
denote by CBja^. The subbundle of conformal blocks at level is invariant with respect 

k — r 

to the Gauss-Manin connection with k = On conformal blocks in conformal field theory 
see, for example, jFSVTj [FSV2| IV2] and Section 3.6 in |V4]. 
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One may show that 
(3.28) 



C B \a\ d C B \a\ d ■ ■ ■ d C B \a\ . 



Let us consider Sing y as a complex manifold. At every point of Sing V , the tangent space 
is identified with the vector space Sing V . We will consider the manifold Sing V with the 
constant holomorphic metric defined by the contravariant form S'^°'\ We will denote this 
metric by the same symbol S'^°'\ 

Define the period map g : C"" — A — )■ Sing V by the formula 

(3.29) q:z^ {l}(-2)- 

The period map is a polynomial map. Define the potential function of first kind P : 
C" - A C, by the formula 

(3.30) P{z) = S^^\q{z),q{z)). 
The potential function of first kind is a polynomial. 

3.11. Tangent bundle and a Probenius like structure. Let T(C" — A) —t- C" — A be 

the tangent bundle on C" — A. Denote dj = for j G J. Consider the morphism f3 of the 
tangent bundle to the bundle of algebras defined by the formula, 



(3.31) 



f3iz) : dj gT,(C"- A) ^ 







-aj- 


Idzji 







e Ag,(z). 



The morphism /3 will be called the tangent morphism. 

The residue form on the bundle of algebras induces a holomorphic bilinear form rj on fibers 
of the tangent bundle, 

(3.32) r]i^^,^,). = {P{zM), P{z){dj)). = {-l)'S^''\a{z)P{z){di),a{z)P{z){d,)) = 

= ( [|] ' [|] ) ^ = (-1)'^^"^ ( [|] ) ' "(^) ( [|] ) ) • 

Theorem 3.10. // Conjecture \3. 7| holds, then the bilinear form t] is induced by the period 
map g : C" — A — )■ Sing^ from the flat metric S^"-^ multiplied by (— l)*^-'p-, 



(3.33) 



Vid.,d,), = \^i-irs^^\^{z),^iz)). 



dzi 



dz4 



Proof. By Theorem 13.91 we have = a(z)([j-]). Hence 

(3.34) 



'-Jj-' 



'dzi dzj H/J 
For r ^ 2k, introduce the constant A^^r by the formula 



□ 
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For example, ^42,3 = 24 and 2fc = (2A;)! . 

Theorem 3.11. // Conjectures \3. 7| and \3.S\ hold, then for any r ^ 2k, we have 

(-l)'=|a|'' d'P 



(3.36) {/3{z){dmJ*z 



A, 



dzm. ...dz 



for all mi, . . . , G J. Here 
Proof. We have 



is the residue bilinear form on Aij,{z). 



(3.37) 



(/3(^)(9^J /3(^)(a„j, [i](^)). = (H 



_1 '-fnii- 

= (-l)'=5(")(a(.)(n[^l), {!}(.)). 

Consider the example r = 2, A; ^ 2. Then 
(3.38) 



dzidzj 



k 



f^5('^)(a(.)( ^ ),«(.)( ^^J)) + ^5(»)(a(z)( ^ ),«(.)( ^ )) + 



A;(A;- 1) 



5('^)(g,a(z)( 



\a\ 
a\ 





-ai 













-7". 




.7;. 



)) = ^5('^)(a(.)( 



Here we used Theorem 13.91 and the fact that S^""^ is constant with respect to the combinatorial 
connection. This calculation proves the theorem for r = 2, A; ^ 2. The general case foir^k 
is proved exactly in the same way. If r > fc, then we need to take into account that q{z) is 
a polynomial of degree k. □ 

For V G Sing V, define the differential one-form ip^ on C" — A by the formula 

(3.39) i^.-.die T,(C" - A) S'^''\v,a{z)f3{z){d,)). 

Theorem 3.12. // Conjecture \3. 7| holds, then the differential form ipy is exact. 



(3.40) 



i;,= ^-^dS^''\v,qiz)). 



Proof. By Theorem 13.91 we have ~ [t^] )• Hence 



ijM) = S^^\v,a{z)^{zM)) = S^^\v,a{z){^')) = S'^^Xv, 



\a\ dq 
k dz-i 



\a\ d 
k dz. 



S^''\v,q). 



□ 



For K G , let I{z) G Sing ^ be a flat (multivalued) section of the Gauss-Manin connec- 
tion with parameter k. Define the (multivalued) differential one-form ipj on C" — A by the 
formula 



(3.41) 



iPi:d,e r,(C" - A) ^ S'-^^Iiz), a{z)/3{z){d,)). 
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Theorem 3.13. // Conjecture \3. 7| holds and ^-j-, then the differential form ifji is exact, 

(3.42) = (1 + dS^'^\l{z),q{z)). 

\K \a\/ 

Proof. We have 

^S'^-\l{z),q{z)) = S^'^\^Iiz),qiz)) + S^'^\l{z),^qiz)) = 
= S^^\-K,{z)I{z), q{z)) + S^^\l{z), ^K,{z)q{z))) = 



1 k 



+ y(-)(^I{z),a{z)P{z){ 



□ 



The functions C" — A — )■ C, z i— i- S^"'\v, q{z)), of Theorem 13.121 are nothing else but 
the coordinate functions of the period map. We will call them flat periods. The functions 
C" — A — )■ C, 2; I— > S^"'\l{z), q{z)), of Theorem 13 . 1 31 will be called twisted periods. 

Conjecture 3.14. There exists a function P{zi, . . . , z„) such that 
(3.43) 

(z) = i-inmidmo) midmj, im). 



d^mo ■ ■ ■ 9^m2k 



for all mo, . . . , G J. 

The function P{z) with this property will be called the potential function of second kind. 
Notice that formula fl3.36p does not hold for r = 2fc + 1. 

The potential function of second kind P{z) determines the potential function of first kind 
P{z). Indeed, by formula (13.41) we have 

I g2k+lp 
(3.44) P(^) = ^^ J2 Vm,...Zm2,TZ-^ a^^^^- 

mo,mi,...,m2k&J 

More generally, for any r ^ 2k, we have 

(3-45) [z) = _^ z^^...Zm2k-K -K [z)- 

OZmo ■ ■ ■ C^m,— 1 Pl m2fceJ '^^mo • • • ^'^m,2k 

We will call the collection of our objects- the combinatorial bundle (C" — A) x (Sing V) — ?■ 
C" — A with the contravariant form S^"''^ and connections (combinatorial and Gauss-Manin); 
the bundle of algebras U2gC"-A^<i>(-2) — )■ C" — A; the period map g : C" — A — )■ Sing V , the 
potential functions P{z) and P{z), flat periods S^'^\v, q{z)), twisted periods S^°'\l{z), q{z)) - 
a Frobenius like structure on C" — A. 

The situation here reminds the structure induced on a submanifold of a Frobenius mani- 
fold, c.f . [St] . From that point of view one may expect that Sing V has an honest Frobenius 
structure and our Frobenius like structure on C" — A is what can be induced from the 
Frobenius structure on Sing V by the period map. 
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Numerous variations of tlie definition of the Frobenius structure see, for example, in |D1[ 

[miMiistiiFv]. 

In the next sections we will prove Conjectures 13.71 1 3.81 13. 141 for families of generic arrange- 
ments and will describe our structure more precisely. 

4. Points on line 

4.1. An arrangement in C" x C. Consider C with coordinate t and C" with coordinates 
Zi, . . . ,Zn- Consider n linear functions on C" x C, fj = zj + t, j & J. In C" x C we define 
the arrangement C = {Hj \ fj = 0, j E J}. 

For every z = {zi, . . . , z^) € C" the arrangement C induces an arrangement C{z) in the 
fiber over z of the projection C" x C — )■ C". We identify the fiber with C. The arrangement 
C{z) is the arrangement of points {—zi, . . . , —Zn}- Denote U{C{z)) = C — {—zi, . . . , —Zn} 
the complement. 

A point z e C"" is good if the points —Zi, . . . , — z„ are distinct. Good points form the com- 
plement in to the discriminant A, which is the union of hyperplanes Hij = {{zi, . . . , Zn) G 
C" I = Zj} labeled by two-element subsets {i,j} C J. 

4.2. Good fibers. For any 2; G C" — A, the space A^{C{z)) has the standard basis Hi{z), 
. . . , Hn{z), the space J^^{C{z)) has the standard dual basis F{Hi{z)), . . . , F{Hn{z)). For 
z^,z'^ G C" — A, the combinatorial connection identifies the spaces A^{C{z^)), J^^{C{z^)) 
with the spaces A^{C{z'^)), respectively, by identifying the corresponding standard 
bases. 

Assume that nonzero weights {aj)j^j are given. Then each arrangement C{z) is weighted. 
For 2; G C" — A, the arrangement C{z) is unbalanced if \a\ = "^j^jCij 7^ 0. We assume 
\a\ ^ 0. 

For z G C" - A, we denote V = J^\C{z)). We also denote Fj = F{Hj{z)) for j G J. We 
have 

(4.1) S^'^\F,,F,) = 6.,a,, SmgV = { c,F^- | c,a,- = o}. 

jeJ jeJ 

For j G J, we define the vector Vj G F by the formula 

(4.2) -. = -^. + ^S^- 

Lemma 4.1. We have the following properties. 

(i) dim Sing ^ = n — 1. 

(ii) For j G J, we have Vj G Singl^ and '^j^zjVj = 0. 

(iii) Any n — 1 vectors of {vj)j^j are linearly independent. 

(iv) We have 

(4.3) S^'^^v.^v,) 

□ 



a" 

^, J e J, 

a 



i,j G J, i ^j. 
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Lemma 4.2. We have 

(4.4) det (S^-){v,,v,)) = ^l[a,. 

Proof. Denote M the transition matrix from the standard basis Fi, Fn oi V to the basis 
Vi, . . . ,Vn-i, J2jeJ ^^^y ^'^^^ detM = (— 1)"^-^. The vector J^jeJ^i 

orthogonal to Sing\^ and S^^-^J^j^j ^j) — kl- The determinant of 5*^"^ on V with 

respect to the standard basis Fi, . . . , F„ equals YljeJ^r These remarks imply f l4.4p . □ 

4.3. Operators Kj{z) : V ^ V. For any pair {i,j} C J, we define the linear operator 
Lij : — > by the formula 

(4.5) Fi \^ QjFi - GiFj, Fj \^ GiFj - GjFi, Fm^O, ifm^{i,j}, 
see formula fl3.5p . Define the operators Kj{z) : V ^ V, j & J, hj the formula 

(4.6) K,{z) = J2 



see formula fl3.6p . For any j G J and 2; G C" — A, the operator Kj{z) preserves the subspace 
SingV^ C V and is a symmetric operator, S^°'\Kj{z)v,w) = S^^-^v, Kj{z)w) for all v,w eV, 
see Theorem! 



Lemma 4.3. For j G J, we have 

(4.7) Kj{z)vi = ^ Vi^ — Vj, iy^j, 

Zj Z-i Z'l Zj 

Kj{z)vj = -'^Kj{z)vi. 



Corollary 4.4. We have Kj{z)vi = Ki{z)vj for all 



□ 



The differential equations fl3.14p for flat sections of the Gauss-Manin connection on 
(C" - A) X Sing V ^ C" - A take the form 

(4.8) K^{z) = K,{z)I{z), jeJ. 

For generic k all the flat sections are given by the formula 

see formula fl3.12p . More precisely, all the flat sections are given by gl]) if 1 + ^ ^ Z^o and 
1 + ^ ^ Z^o for all j G J, see [W] or Theorem 3.3.5 in [V4j. 

Notice that equations fl4.8p are a particular case of the KZ equations, see Section 1.1-1.3 
in [V4]. 
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4.4. Conformal blocks. 

Lemma 4.5. If k = \a\, then the Gauss-Manin connection has a one- dimensional invariant 
subbundle, generated by the section 

(4.10) 1'- uY.^^""^ = uYl 

' ' j&J ' ' jeJ 

where 

(4.11) q,{z) = -z. + J^T^i^j- 
This section is flat. 

Proof. The lemma follows from formulas (14. 7p . □ 

This one- dimensional subbundle will be called the bundle of conformal blocks at level \a\. 
A fiat section of the subbundle of conformal blocks can be presented as an integral /^(-z), 
where 7 is a small circle around infinity. 

4.5. Canonical isomorphism and period map. The master function of the arrangement 
C{z) is 

(4.12) <l>(z, t) = J2 «i log fj = Yl + 

The critical point equation is ^ = XljeJ F+t ~ "^^^ critical set is 

(4.13) C^{z) = {te U{C{z)) I E 7^ = 0}- 

, Zj -\- z 

The algebra functions on the critical set is 

Zj +t' 



(4.14) A^{z) = C{U{C{z)))l{ E 7^>- 
The identity element \\]{z) G Aq,{z) is X^jej [7^] ■ 

Lemma 4.6. We have dimy4$(z) = n — 1. Any n — 1 elements of are linearly 

independent. □ 

The Grothendieck residue Pp : Apip{z) — t- C is given by 

(4.15) / ^ Res, I = / ^, 

where Tp is a small circle around p oriented clock- wise. The residue bilinear form ( , )^ on 

A^{z) is ©pec<i,(z)(, )p- 

Lemma 4.7. For f,g & C{U{C{z))), we have 

(4.16) ([/], [g]) = - Resj=oo || - ^ Rest=-^, ||. 



□ 
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(4.17) 



1-1 -Ei^ 



t. 



AJz) 



SingV. 



The canonical isomorphism a{z) : Aij,{z) — )■ SingV^ is given by the formula 

^ +^Res, ^ 



(4.18) [/] ^ 



2W-1^V --(;.,.+ t)f 

Theorem 4.8. For k E J, we have 

(4.19) a(;2;) : — ^ w^. 

Proof. Denote 

(4.20) gkj 



Zk + t 



ak 



ak 



Um^ji^m + t) 



If k j, then Rest=_2. gjk = for all i E J. If k = j, then Iiest=-Zi 9jj — ^ 7^ J ^^id 
Rest=_2^ gjj = 2ny/^. We also have Resj=oo gkj = ~27r-\/^^ for all j G J. These formulas 
imply the lemma. □ 

Corollary 4.9. Conjectures and \3.S\ hold for this family of arrangements. 

Proof. By Theorem 14.81 we have a;(z)([l](2;)) = q{z), where q{z) is given by f l4.10p . Lemma 
14.51 implies Conjectures 13.71 and 13.81 □ 

Corollary 4.10. For this family of arrangements the period map g : C" — A — )■ Singy is 

given by the formula 



(4.21) 



q{z) 



i6J 



the potential function of first kind is 

(4-22) n^) = r^E«.^W= E 



i6J 



aia2 
\a 



3 ^'j/ 



By Corollary 14.101 the period map extends to a linear map C" — > Singl/. The linear map 
is an epimorphism. The kernel is generated by the vector (1, . . . , 1). 

The standard basis {Hj)j^j G V* induces linear functions on Singl^, 



(4.23) 



hi : Vi h-)- -A, 



if j ^ h 



aj 
a 



We have Yljej ^j^j ~ ^^"^ ^"^J n — 1 of these functions form a basis of (Sing Vy 
For i 7^ j, define the hyperplane Hij C Sing V by the equation hi — hj = 0. 

Lemma 4.11. For all i,j we have q*{hi — hj) = zj — zi and q{A) = Ui^jHij. 



□ 
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4.6. Contravariant map as the inverse to the canonical map. The canonical map 
a{z) : A<j,{z) — )■ Sing\^ is the isomorphism described in Theorem 14.81 The contravariant 
map iS*-"^ : V ^ V* is defined by the formula Fi i— )■ ai{Hi). By identifying ai{Hi) with the 
differential form ^ dt and then projecting the coefficient to A^(z) we obtain the map 

(4.24) [S'^'^^]:V->A^{z), ^ 

Theorem 4.12. The composition a{z) o [5^")] : V SingV" is the orthogonal projection 
multiplied by -1. The composition [S'^'^^]oa{z) : A^[z) — )■ A^[z) is the identity map multiplied 
by -1. 

Proof. The composition a{z) o [S^°^] sends Fi to Vi which is the orthogonal projection mul- 
tiplied by -1 The composition [iS^"-*] o a{z) sends [j-] to 

(4.25) -[t]+^E[t 

LJiJ \a\ .^j ijj 

The last sum is zero in Aij,{z). □ 

4.7. Multiplication on SingV^ and (Sing\/)*. 

Theorem 4.13. The canonical isomorphism a{z) : A^{z) — )• SingV^ defines an algebra 
structure on Sing V, 

(4.26) Vj *^ Vi = — Vi H — Vj, i 7^ j, 

Zj Zi Zi Zj 



Vj*^Vj = -yVj*zVi. 



The element 

(4-27) ^ E 

' ' jeJ 

is the identity element. □ 

The isomorphism 5''^"^|singy : Sing V — > (Sing V)* induces an algebra structure on (Sing V)*. 

Lemma 4.14. The isomorphism 5'^"''|singy '■ Singy — (SingV^)* is given by the formula 
Vj —O'jhj for all j . 

Proof. The lemma follows from formulas f l4.23p and (14. 3p . □ 
Corollary 4.15. The multiplication on (SingV^)* is given by the formula 

(4.28) hj *^ hi = — ^ — hi H ^- — hj, i ^ j, 

Zi Zj Zj Zi 

cijhj *z hj = — ttj hi *z hj. 

The element 

(4.29) -l.\2a,z,h, 
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is the identity element. □ 

4.8. Tangent morphism. The tangent morphism /3 of the tangent bundle T(C"' — A) — )• 
C" — A to the bundle of algebras U^gC"-A^<i>(-2) — > C" — A is given by the formula (I3.3ip . 



(4.30) /3{z) : dj e T,(C" - A) ^ 



IZj + 1. 



G AJz) 



Lemma 4.16. The map /3{z) is an epimorphism. The kernel of (3{z) is generated by the 
vector J dj ■ □ 

The residue form on the bundle of algebras induces a holomorphic symmetric bilinear 
form T] on T(C" — A), see formula fl3.32p . The bilinear form r] has rank n — 1. Its kernel is 
generated by the vector J^jej^j- 

Lemma 4.17. We have 



a] 



(4.31) 77(9„9,) = -a, + ^, jGJ, 



a 



ri[di,dj) = i,j G J, i ^ j. 

Proof. The lemma follows from Lemmas 14.11 14.81 and Theorem 12. 7[ It can be checked also 
by a straightforward calculation. □ 

4.9. Multiplication and potential function of second kind. Let us define the multi- 
plication on fibers of T(C" — A) by the formulas 

(4.32) d,*,d, = -^d, + ^^d„ 

Zi Zj Zj Zi 

di*zdi = -^di*;,dj, 

c.f. formula 5.25 in [D2]. The vector YlieJ^i product with everything. 

Lemma 4.18. For every 2; G C" — A, the morphism I3{z) defines an algebra epimorphism 
of Tj(C" — A) to A^{z), in particular, I3{z){v) *z (^{z){w) = /3{z){v *^ w) for all v,w E 
T^(C'^-A). □ 

Consider the ideal of Tzi^C"" — A) generated by ^j- Denote B{z) the quotient algebra. 
The morphism P{z) induces an isomorphism B{z) ~ Aq,{z). 

Lemma 4.19. The element j^Xliej^i'^i pi"ojects to the identity element ofB{z). □ 

The bilinear form rj defines a morphism fj of the tangent bundle T(C" — A) to the cotangent 
bundle T*(C" - A). For j G J, denote pj{z) = ajqj{z) = aj{-Zj + Y^i^j j^Zi). We have 

Lemma 4.20. The morphism fj is given by the formula dj 1— ?■ dpj for all j . The kernel of fj 
is generated by the vector ^j^jdj. □ 
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Consider the span of differential one-forms {dpj)j(=j. This span equals the span of differ- 
ential one-forms {dzi — dzj)i^i^j<^n- The spans in the fibers define the subbundle 

(4.33) U,ec"-A5*(^) ^C"- A 

of the cotangent bundle T*(C'"' — A). The subbundle has rank n — 1. 

Lemma 4.21. The form rj induces the algebra structure on B*{z) given by the formula 

(4.34) dpi*zdpj = — — — dpj -\ — — dpi = ^^^^ d{zi - zj), i 7^ j, 

Zi Zj Zj Zi Zi Zj 

dpi *z dpi = - ^ dpj *z dpi, 
and the bilinear form 

(4.35) (ydpj,dpj) = —aj + -j-^, j G J, 

{dpi, dpj) = 1,3 e J, t^j. 



□ 



Introduce the potential function of second kind 
(4.36) P{z) = ]- ^ ttitti (zi - Zi)'^ loK(zi - z-i). 



Theorem 4.22. We have 



(4.37) d(g-) = 0(9.) 
for all i,j. 

Proof. The theorem follows from Lemma I4.21[ □ 

Notice that equation f l4.37p is the definition (3.5) in |D2] of the potential function of an 
almost dual Frobenius structure. 

The right hand side in fl4.37p can be rewritten: fj^di) *z v{dj) = fj{di *z dj) For all i,j, k, 
we have 

(4.38) m*zdj){de)=r]{d,*,dj,de) = (/3(z)(a,) /3(^)(a,) /3(z)(a,), [l](z))„ 
where ( , )2 is the residue form on A^{z). Formula ( I4.37P says that for all i,j, k, we have 

(4.39) 5^^^^^ ^ -if^i^M) (3{z)id,) (3iz)ide), [1](^)).. 
Hence Conjecture 13. 141 holds for this family of arrangements. 
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4.10. Connections on bundle U^^cn_^B*(z) — t- C" — A defined in fl4.33p . The combina- 
torial and Gauss-Manin connections on (C"— A) x Sing V — ?■ C" — A induce the combinatorial 
and Gauss-Manin connections on bundle (14.331) . 

Lemma 4.23. The differential one-forms {dpj)j^j are flat sections of the combinatorial 
connection on bundle (14.331) . 

Proof. The vectors vj G Sing\^ give fiat sections of the combinatorial connection on C" x 
Sing y ^ C". By formula flCTl) . the elements ^ G A$ (z) give fiat sections of bundle of 
algebras. Now formula (I4.30p and Lemma [4.201 imply Lemma [4.231 □ 

Let I{z) = '^j^j lKz)dpj be a section of bundle (I4.33p . For i E J, we denote ^ 

dP 



T.'£dp,. 



Lemma 4.24. The differential equations for fiat sections of the Gauss-Manin connection 
take the from 

dl 

(4.40) K— = dpi /, 2 G J, 

see formula (I4.34p . For generic k, all the flat sections are given by the formula 

(4.41) A,.(^) = E ( / n(^^ + tr^''^)dPj, 

where 7(2;) G Hi{U{C{z)), Ci^\u(^c(z))) is a flat section of the Gauss-Manin connection on 
^z€C'^-AHk{U{C{z)), Ci^\u(c{z))) — C" — A. 

Proof. The lemma follows from Theorem 13.31 and formula (14. 9 p . □ 
Theorem 4.25. For every flat section 1^^^, we have /^^^ = —i^dp^^^^ where 

(4.42) p,,^= [ Hiz^ + tT'/'^dt. 
Proof. The theorem follows from two formulas: 

(4.43) = [ Hiz, + tr-i^ ^ 



dzj Zj + 1 

and E,.. %f = 0. □ 

Following Dubrovin |Dlt ID2j , we will call the functions p^^^ twisted periods. Notice that 
this definition agrees with the definition of twisted periods in Section 13. IH namely, the 
twisted periods of Theorem 14.251 can be also defined by formula (13.421) of Theorem 13.131 

Lemma 4.26. Given k G C^, let I{z,k) be a flat section of the Gauss-Manin connection 
with the parameter k. Let I{z, —k) be a flat section of the Gauss-Manin connection with the 
parameter —k. Then {I{z, n), I{z, —k.))z does not depend on z E C"' — A. □ 

Proof. The lemma follows from the fact that B*{z) is a Frobenius algebra. □ 
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4.11. Functoriality. In this section we will discuss how our objects extend to strata of the 
discriminant A C C". 

4.11.1. A stratum X of A is given by a partition (Ji, . . . , J^) of J, 

(4.44) X = {{zi,...,Zn) eC" \ Zi- Zj = hi i,j e Je, i = l,...,m}, 

dimX = m. The coordinates on X are functions Xi, . . . ,Xm where Xg = Zj for j G Jg. Let 
6 : X C" be the natural embedding. Then 

d d 

(4.45) : — — t-)- ^ - — , L* : dzj t-)- dxg if j G Jg. 

The remaining strata of A cut on X the union of hyperplanes Xi = Xj,l^i<j^m which 
we denote Ax- For £ = 1, . . . , m, we denote hn = ^j^j^ cij- We assume that 6^ 7^ for all i. 

We restrict our family of arrangements C{z),z G C"", to X — Ax- For x G X — Ax 
the corresponding arrangement C{x) consists of points —xi, . . . , —Xm of weights 61, ... , bm, 
respectively. For this new family we will construct all the objects described in Sections 14.11 - 
14.101 and relate them to the objects constructed for the arrangements C{z), 2; G C" — A. The 
objects corresponding to the new family will be provided with the index X. 

4.11.2. For X G X — Ax, the space (Vx)* = A^{C{x)) has the standard basis (H^^x),^ = 
1, . . . ,m. Recall that the space V* of Sections I4.m4.10] has the standard basis {Hj),j G J. 
We have the canonical epimorphism 

(4.46) r:V*-^{Vxr, {H,)^{H,^x) if J e J,. 

The space Vx = J^^{C{x)) has the standard basis -F^x, £ = 1, . . . , m. The space V of Sections 
14. 1114. lOl has the standard basis Fj,j G J. We have the canonical embedding 

(4.47) f:Vx-^V, Fe^x^J^^r 
The subspace of singular vector is defined by the formula 

m m 

(4.48) SmgVx = {Y, 

We have /(SingVx) = fiVx) H (Singl^). Consider the embedding 

(4.49) / : Sing Vx ^ Sing V, v ^ f{v). 
For the contravariant form on Vx we have 

(4.50) S^PiFe,x,Fk,x) = S^''\f{F,^x)J{Fk,x)) = ^^A- 
For £ = 1, . . . , m, we define a vector t>£ x ^ Sing Vx by the formula 

(4.51) v,,x = -F,,x + Ay, Fk,x. 



k=l 



We have / : Vi^x ^ EjeJ, 
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The standard basis {H^^x),^ = I, ■ ■ ■ ,m, induces linear functions on Sing Vx, 

(4.52) he,x : Vk,x ^ ^ ii k ^ i, v,^x ^ -1 + i^- 

\a\ \a\ 

We have /* : hj ^ he^x if j e Je- 

4.11.3. For £ = 1, . . . , m and x G X — Ax, the operators Ki x{x) : Sing Vx Sing Vx are 
defined by formulas f l4.7p . 

(4.53) Ki^xix)vk,x = — - — Vk,x H — — ve,x for i k, 

Xi — Xk Xk — X£ 

Ke,x{x)ve,x = -^Ke,x{x)vk,x- 
For all i,k, we have 

(4.54) fiKi,xix)vk,x) = J2 K,{x)f{vu,x). 

Notice that the right hand side in fl4.54p is well-defined despite the fact that Kj{x)vi is not 
well-defined for all Vi, see formula fl4.7p . 

4.11.4. Multiplication on Sing is defined by formulas (14.261) . 

(4.55) ve^x*x,xVk,x = — - — Vk,x ^ — — for i ^ k, 

xe - Xk Xk - xe 

vlx *x,X vtx = - ^ Vtx *x,X Vk,X- 

For all £, A;, we have 

(4.56) f{vi^x *x,x Vk,x) = five,x) *x f{vk,x)- 

Notice that the right hand side in f l4.56p is well-defined despite the fact that Vi *x Vj is not 
well-defined for all Vi,Vj, see formula (I4.26p . 

4.11.5. The multiplication on (SingVx)* is given by formula (14.281) . 

(4.57) he^x *x,x hk,x = ^ H ^ — /ifc,x, ^ k, 

Xi — Xk Zk — Z£ 

bihi^x *x,x hk/ = — bk hk,x *x,x h^^x- 
If i ^ k, i E Je,j G Jfc, then 

(4.58) f*{hi *x hj) = htx *x,x hk,x- 

Notice that hi *x hj is well-defined despite the fact that hi *^ hj is not well-defined for all 
hi, hj, see formula (I4.26p . 
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4.11.6. For X E X — Ax the residue form on Aq>[x) induces a holomorphic bilinear form rjx 
onT,(X- Ax), 

\OXe OXe/ CI 



dxi ' dx^) \a\ 
_ d_ 

dxt ' dxi 



.8 d \ bibk 



For all £, fc, have 



For £ = 1, . . . , m, we define a linear function on X, 

(4.61) qi,x{,x) = -Xi + ^ i^Xfc. 

We have 

(4.62) *,x(a;) = gi(x), if z e J^. 

The period map qx '■ X — Ax Sing Vx is defined by formula f l4.2ip . 

(4-63) qx{x) = —y^ qe^xix)Fi^x = -p-r a;^ ■ 

' ' £=1 ' ' i=l 

Theorem 4.27. For all x E X , we have 

(4.64) f{qx{x)) = q{x) 
and for the potential functions of first kind we have 

(4.65) Pxix) = P{x). 



□ 



4.11.7. For X G X — Ax, the multiplication on T^(X — Ax) is defined by formulas (14.321) . 

(A aa\ d d be d bk d 

(4-66) — *^,x T— = h 



dxe ' dxk Xi - Xk dxk Xk - xi dxi ' 



d d ^ d d 



- \^ 

t; *x,x t; — / ^ *x,x Tr~ 
oxf oxf oXk ox 



For all £, fc, we have 



OXp OXk OZiJ \^-^ OZj 



Notice that the right hand side in (I4.67P is well-defined despite the fact that ^ *a: ^ is not 
well-defined for all i, j, see (14.661) . 
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4.11.8. For £ = 1, . . . , m, we denote pe^x = b^q^^x- The map 

(4.68) f,x ■■ T^iX - Ax) -> r;(X - Ax), w ^ r,x{w, ■), 
sends to dpi^x- We have 

(4.69) dp,,x = i*[Y.'^p)- 

Denote B'^{x) the span of {dpi^x)T=i ™- "^x^X — Ax) ■ This span equals the span of differential 
forms {dxi — dxk)i<^i<:k^m- The multiphcation on B*x{x) is given by the formulas f l4.34p . 

(4.70) dpi^x *x,x dpk,x = — - — dpk,x H — — dpe^x = ^^^^ d{xi - Xk), ^ ^ k, 

Xg — Xk Xk — Xi X( — Xk 

dpe,x *x,x dpi^x = - ^ dpk,x *x,x dpe^x- 

kj^e 

For all i,k, we have 

(4.71) L* ( "^Pi) ( Yl = "^p' • 

i&Je j<^Jk i^Jt j'^Jk 

The potential function of second kind is defined by formula fl4.36p . 



(4.72) Px{xi,. . . ,Xm) = ^ feffefc (X£ - Xfc)^log(x£ - Xfc). 

By formula g^ZD, 

^ ^"^^ ^ ^dxgdxk^ ^^^dxe) ^'^^^^dxk^ 

for all i, k. For all i,k, we have 



4.12. Frobenius like structure. Consider the quotient M of C" by the one-dimensional 
subspace C(l, . . . , 1) and the natural projection vr : C" — > M. Then all our objects - 
the combinatorial bundle (C" — A) x (Sing V) — )■ C" — A with the contravariant form S^""^ 
and connections (combinatorial and Gauss-Manin) ; the bundle of algebras U^gC"-A^$(-2) — ^ 
C" — A; the period map g : C" — A — )■ SingV^, potential functions P{z) and P{z), flat 
periods Pj{z), twisted periods p^^^{z)- descend to the quotient and form on M — 7r(A) a 
structure which we will also call a Forbenius like structure. 

In particular, the functions pi, ■ ■ ■ ,Pn-i will form a coordinate systems on M and rj will 
induce a holomorphic metric on M constant with respect to the coordinates Pi, ■ ■ ■ ,Pn-i- If 
Vi = Si=i ^j^Pj^ j = 1, . . . , n — 1, is a linear change of coordinates with Cij G C such that 
rj = Y^jZi di/j- Then equation (14.371) will take the form 

(4.75) d (|^) = -dy^ dy, 
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for all i, j. The functions — „ ^^^r, will become the structure constants of the multiplication 

on T* (M— 7r(A)) and the potential function P will satisfies the WDVV equations with respect 
to the coordinates yi, . . . , Un-i- 

5. Generic lines on plane 

5.1. An arrangement in C" x C^. Consider with coordinates ti, t2, C" with coordinates 
^1, . . . , Zn- Fix n linear functions on C^, gj = b^ti + b'jt2, j € J, b'j e C. We assume that 

(5.1) dij^det(^f, I) ^° foralH^j. 

We define n linear functions on C" x C^, fj — Zj + gj, j e J. In x we define the 
arrangement C = {Hj \ fj = 0, j E J}. 

For every z = {zi, . . . , Zn) the arrangement C induces an arrangement C{z) in the fiber of 
the projection C" x — >■ C" over z. We identify every fiber with C^. Then C{z) consists of 
lines Hj{z),j e J, defined in by the equations fj — 0. Denote U{C{z)) — C'^ — \Jj^jHj{z), 
the complement to the arrangement C{z). 

The arrangement C{z) is with normal crossings if and only if 2; G C" — A, where A — 
Ui<^i<j<k!^nHij^k and the hyperplanc Hij^ is defined by the equation fij^^ = 0, 

(5.2) fi,j,k = dj^kZi + dk^iZj + dijZk- 
Lemma 5.1. For any four distinct indices i,j, k,£ we have 

g-j fij,k _|_ fi.k/ ^ fi.tj _ Q 

dk,idi,j di^idi,k dj^idi^£ 

£2 £2 £2 £2 

•'i,j,k J j,k,e _|_ J k,e,i Ji,i,j _ g 

di,jdj^kdk,i dj^kdk,ede,j dk/d(^,idi^k d£^idijdj^i 

□ 

5.2. Good fibers. For any z G C"' — A, the space A^{C{z)) has the standard basis 
{Hi[z), Hj[z)), 1 ^ i < j ^ n. The space J-''^{C{z)) has the standard dual basis F{Hi{z), Hj{z)), 
1 ^ i < j ^ n. For z^,z'^ G C" — A, the combinatorial connection identifies the spaces 
A^{C{z^)), J^'^{C{z^)) with the spaces A'^{C{z'^)), J'^(C(z^)), respectively, by identifying the 
standard bases. 

Assume that nonzero weights {aj)j<^j are given. Then the arrangement C{z) is weighted. 
For 2; G C" — A, the arrangement C{z) is unbalanced if \a\ 7^ 0. We assume that \a\ 7^ 0. 



For z G C" - A, we denote V = J^\C{z)), V* - {J'^iC^z))* = A^{C{z)), F, 



F{Hi{z),Hj{z)). We have F^j = -F.-^, 

(5.5) 5(")(Fi,,-,Ffc,,) = 0, iii<3, k<l^nd{i,j)^{k,t), 

j— 1 n 

(5.6) Singl^ = { 5Z CijFij I ^a^Cj-i- ^ ajCij = 0, i = l,...,n|. 

l$;i<j$;n j=l j=i+l 
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By Corollary 12. 8[ the restriction of S*^"-* to Singl^ is nondegenerate. Denote (Sing^^)-*" the 
orthogonal complement to Singl^ with respect to S^"'\ Then V = SingV^ © (Sing^^)-*". 
Denote n : V ^ Sing V the orthogonal projection. 

Lemma 5.2. The space (Singy)-*- is generated by vectors 

(5.7) jeJ. 

□ 



For i j, we define the vector Vij & V hj the formula 

(5.8) -M = n.-SE^^.^-^E^^- 



We have Vij = —Vj^i. Set Vi^i = 0. 



Lemma 5.3. We have the following properties. 

(i) dim Sing r= (" 2^). 

(ii) We have Vij G Sing V and Vij = 7i{Fij). 

(iii) For j G J, we have J^iej'^hi ~ ^■ 

(iv) For any k & J, the set Vij, l^i<j^n, {hj}; is a basis of Sing V. 

□ 

Lemma 5.4. We have 

(5.9) S^"'\vij,Vk/) = 0, ifi,j,k,i are distinct, 

S^"'\vij,Vi^k) = — ~|"^|~' ^/^'i'^ ^'^^ distinct, 



a 



□ 



5.3. Operators Ki{z) : V ^ V. For any subset {i,j, k} C J, we define the linear operator 
Li,j,k : V V hj the formula 

(5.10) Fij akFij + aiFj^k + ajFk,i, 

Fj,k ^ O'kFij + ttiFjk + cijFk^i, 

Fk,i ^ dkFij + aiFj^k + ajFk^i, 

Fe^m ^ 0, if {i,m} is not a subset of {i,j,k}. 

see formula (13.51) . Notice that Lij^k does not depend on the order of i,j, k. 
We define the operators Ki{z) : V V , i E J, by the formula 



(5.11) K,{z) = Y,Y^Uj,k. 

Ji,j,k 



where the sum is over all unordered subsets {j, k} C J — {i}, see formula (13. 6p . For any i E J 
and 2 G C" — A, the operator Ki{z) preserves the subspace Singl^ C V and is a symmetric 
operator, S^"'\Ki{z)v,w) = S^''\v,Ki{z)w) for all v,w G V, see Theorem 13.21 
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Lemma 5.5. For i ^ J, we have 

(5.12) Ki{z)vj^k = -j^iaiVj,k + ajVk,i + akVij), ifi^{j,k}, 

Ji,j,k 

(5.13) Ki{z)vj^i = - ^ Ki{z)vj^k- 

Proof. The restriction of Ki[z) to (Sing^^)-*- is zero by formula fl5.10p and Lemma (5. 21 We 
have 

(5.14) Ki{z)vj^k = Ki{z)Fj^k = (ai-Fj,fc + ajFk,i + akFij). 

Ji,j,k 

The right hand side in (I5.14p equals the right hand side in f l5.12p by Lemma [5. 3[ □ 

The differential equations (13.141) for flat sections of the Gauss-Manin connection on 
(C" - A) X Sing V -> C" - A take the form 

(5.15) n^iz) = K,iz)Iiz), j E J. 
For generic k all the fiat sections are given by the formula 

(5.16) I^{z) 



see formula f l3.12p . These generic k, can be determined more precisely from the determinant 
formula in jVlj . 

5.4. Conformal blocks. Define the map g : — )■ Sing V by the formula 



Lemma 5.6. For any k E J, we have 



f2 

J i.j.k 

' Vi 



where the sum is over all pairs i < j such that k ^ {i,j}- 
Proof. Denote Aij = - ^^"^j'^ul^ , then 

(5-19) ^^"^^^^ 

We replace in f l5.19p each Vi^k with — J2j=/=k'^iJ ea.ch Vkj with — 'Yl,i^k''^i,3- Then 

I ' 

(5-20) g(z) = ^ Xl^^^'J' + + 
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where the sum is the same as in (15. 181) . The lemma follows from the identity 




□ 



By Lemma [5 -Gt the map q can be defined in terms of the determinants dij, 1 ^ i < j ^ n, 
only without using the individual numbers bj. 

Theorem 5.7. If k = \a\/2, then the Gauss-Manin connection on (C" — A) x (Sing\/) — >■ 
— A has a one- dimensional invariant suhhundle, generated by the section q : z ^ q{z), 
see f l5.18p . This section is flat. 

This one-dimensional subbundle will be called the bundle of conformal blocks at level \a\/2. 

Proof. We check that 



(5.22) Ll^^,) = K,{z)q{z). 




The other differential equations are proved similarly. By Lemma 15.61 we have 



(5.23) 




Then 



(5.24) 




and 



(5.25) 




by formula fl5.12l) . By replacing t>j i with — Xli^i'^i,* ^^'^ ^i,* "with — Xljyi'^jj ^"^^ using 



Lemma [5.11 we obtain 



(5.26) 




□ 



5.5. Algebra A<^{z). The master function of the arrangement C{z) is 



(5.27) 




The critical point equations are 



(5.28) 
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Introduce Hi, i = 1,2, by the formula 

9$ 



(5.29) 

We have 
(5.30) 

In other words, we have 
(5.31) 

The critical set is 



9$ 9$ 

Oti Ot2 



E 



Zi 



tiHi + t2H2 = \a\ Ylfj-^ Zitti JJ fj. 

j&J ieJ j^i 



9$ 



9$ 



C{U{C{z)))/{H,,H2). 



(5.32) C^{z) = |t G U{C{z))\^^ = 0, ^ = O} = {t G f/(C(^))|iJi = 0, ifa = O}. 
The algebra of functions on the critical set is 

(5.33) A^{z) = C{U{C{z)))/{^^,^) = 

Lemma 5.8. We have dim Aij,{z) = ("2 ^) ■ 

Introduce elements Wij G A$(z) by the formula 

(5.34) 



d. 



fifj- 



Lemma 5.9. We have Wij = —wj^i and J^jej'^iJ ~ ^■ 
Proof. The lemma follows from the identity 



(5.35) 



dfi (i$ "477 
tti— A — = ttiGj -rrdti Adt2 + ^ dzj A fij, 

where /ij are suitable one-forms. 

The elements [ j-] , i G J, generate A^{z) by Lemma [2. 4[ 
Lemma 5.10. For j G J, we have the following identity in A<p{z), 



(5.36) 



Lemma 5.11. We have 



(5.37) 



Ji 



fj 



-l—Wij, i^j, 



Edk.i 



□ 



□ 



□ 



(5.38) 
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[aiWj^k + ajWk,i + akWij] 



mid} 



□ 



Corollary 5.12. The elements Wij, 1 ^ i < j ^ n, span A^{z). 
Lemma 5.13. The identity element [l]{z) G A^{z) satisfies the equations 
(5.39) 



1\2 



_^ >p i^^b] - Zjbj) 



■ W- 



I llwith 



Proof. To obtain the last expression in fl5.39p we replace 
Theorem 5.14. For any k E J , the identity element \l\{z) G Ai^{z) satisfies the equation 



□ 



(5.40) 



f2 

J i.j.k 



■Wi 



rl rl rl 

^i,j'-''j,k'-^k,i 



where the sum is over all pairs i < j such that k ^ {i,j}- 
Proof. The proof is the same as the proof of Lemma 15.61 
The canonical element is 



□ 



(5.41) 



Theorem 5.15. The canonical isomorphism 

(5.42) a{z) : A^{z) ^ SingV 
is given by the formula 

(5.43) Wij Vij. 

Corollary 5.16. We have a{{z)[l]) = q{z), where q{z) is the conformal block of Theorem 
53 



5.6. Proof of Theorem 15.151 Introduce the coefficients Bij by the formula 
(5.44) a{z){wk,e) = ^ B^jFij. 

We have 



(5.45) 



An' 



rime J m 



o-kO-idk/dij ' ^—^ fkfefifj H1H2 



Lemma 5.17. We have Bij = 0, if {i,j} fl {k,i} 
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Proof. The differential form 



rime J f m 



(5-46) ujk,i,,j = „ "T.^Tj ^ 

has poles only on the curves iJi = and H2 = 0. The poles are of first order. To calculate 
the right hand side in fl5.45p . we need to take the residue Resj:/^=o <^k,e,i,j of the form ujk,e,i,j at 
the curve Hi = and then take the residue of that form on the curve ifi = at the points 
where H2 = 0. This is the same as if we took with minus sign the residue of ResHi=o^^k,e,i,j 
on the curve ifi = at infinity. That residue at infinity with minus sign could be obtained 
differently in two steps. First we may take the residue ReSoo <^k,e,i,j of <^k,e,i,j at the line at 
infinity and then take the residue of that one-form on the line at infinity at the points where 
Hi = 0. 

So to calculate the right hand side in fl5.45p we first calculate ReSoo ^k/,i,j- The coordinates 
at infinity are ui = ti/t2, ^2 = 1/^2- We have fm = {bl^ui + bf^ + U2Zm)/u2. Denote fm{ui) = 
h]^Ui + 6^. For i = 1,2, we have Hi{ui/u2,l/u2) = Hi{ui,U2)/u2~^ , where Hi{ui,U2) are 
some polynomials. Denote HAui) = HAui, 0). We have dti A dt2 = —-^dui A du2. Then the 
residue of O0k,e,i,j at the infinite line equals 

(5.47) 2n^/^u,e,j = ^ U^^j fM' _ ^ 

" Mu)Mu)Mu)fjiu)Hiiu)H2iu) 

where u = ui. On the line at infinity this one-form is holomorphic at m = 00. The number 
a^aidk^d- '-^^'3 cquals the sum of residues of the form u)k,e,i,j at the points where Hi{u) = 0. 
By formula (15.301) . we have 

(5.48) uHi{u) + H2{u) = \a\ J] L{u). 

Thus H2{u) = \a\ HmeJ fm{u) at the point where Hi{u) = 0. Therefore, the sum of residues 
of the form Cbk,i,i,j at the points where Hi [u) = equals the sum of residues of the form 

(5-49) ujk,e,i,j = , du 

\a\ Hi[u) 

at the points where Hi{u) = 0. This sum is zero. □ 

Lemma 5.18. We have B^j = -j^, if j ^ {k,£}. 

Proof. On the line at infinity we consider the differential one form 

(5.50) Co,e^J = -~ .n^gj^^H^ ^ 

f^u)f,{u)f){u)Hi{u)H2{u) 

As in Lemma [5. 171 we observe that — ^"^/^T — Bk j equals the sum of residues of that one-form 
at the points where ifi = 0. Consider the differential one-form 

(5.51) ^ ^ Y[„.iik,,}Uu) 

\a\ fk{u)Hi{u) 



As in Lemma [5.171 we observe that 
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where Hi{u) = and this sum equals 

(5.52) -Res/^^o/^ 
The lemma is proved. 



-Bkj equals the sum of residues of fx at the points 



27T 



0'k\0'\dk,£dkj 



□ 



By Lemmas [5?I7] and |5JJ we know that a{z){wk/) = Bk/Fk/-j^^Y.i^k^i/-]^J2j^i^k,j- 
From the condition that a{z){wk,£) G Singl^ we conclude that B^ g = l^ti^^z^^ The theorem 
is proved. 

5.7. Contravariant map as the inverse to the canonical map. The canonical map 
a{z) : Aii,{z) — t- Singl^ is the isomorphism described in Theorem 15.151 The contravariant 
map S^^^ : V V* is defined by the formula Fij h-)- aiaj{Hi, Hj). By identifying aiaj{Hi, Hj) 
with the differential form aiajjj- dti A dt2 and then projecting the coefficient to Ai^{z) we 
obtain the map 



(5.53) 



[S^"^] -.V ^ A<^{z), Fij ^ Wij = ttiaj 



di 



-fifj- 



Theorem 5.19. The composition a{z) o [iS^"-*] : V — > SingV^ is the orthogonal projection. 
The composition [S^""^] o a{z) : A$(z) — )■ A^{z) is the identity map. 

Proof. The composition a{z) o [3^°"^ sends Fij to Vij which is the orthogonal projection by 
Lemma 15731 The composition [5*^"^] o a{z) sends Wij to 



(5.54) 



w. 



\a\ 



□ 



fceJ 

The last two sums are equal to zero in v4$(z) by Lemma [579 
5.8. Corollaries of Theorem 15.151 

Theorem 5.20. For any j G J, the SingV -valued function ^{z) satisfies the Gauss-Manin 
differential equations with k = \a\, 



(5.55) 



d dq 

dzi dzj 



K,{z)^{z), I G J. 



Proof. By Theorems 15.141 and 15.151 we have 

q{z) = a{zm{z)) = ^,a{z){{J2^^ 

laM Ifm 



— J2 ^mZMz){ 



fn 



)• 



By Theorem 15.151 for any m, £ G J, the element Ci{z){[^] [f^) G Sing\/ is a linear combi 



nation of vectors f with constant coefficients. Hence 



d'^q 
dzjdzi 



Mz){ 
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rT«(^)( 



)■ 



This implies the theorem. 

Corollary 5.21. Conjectures\3. 7| an(i[X3 /ioW for this family of arrangements. 



□ 
□ 



The tangent morphism /3 and the residue form on the bundle of algebras induce a holo- 
morphic bilinear form rj on fibers of the tangent bundle, 

(5.56) vid^^d,), = (/3(z)(9,),/3(^)(9,-)). = (-l)'=5(''n«(^)/3W(5.),«(^)/3W(5.)) = 



fi^ L fj 



(-lfS<°)(aW([|]),aW([|])). 



By Theorem 13. 101 we have 
(5.57) 

Theorems 13.121 and 13.131 also hold for this family of arrangements. 

Theorem 5.22. Recall the potential function of first kind P{z) = S^"'\q{z) , q{z)) . We have 



(5.5^ 



P{z) 



\n\^ d"^ d'^ d'^ ' 



Proof. By Theorem 13. llj for any r ^ 4, we have 



(5.59) 



(mid. 



mi j ' 2 



*,/3(z)(9™J,[l](z)), 



Qvp 



for all mi, . . . , G J. In particular, 
(5.60) (/3(^)(5fe) ^{z)[d,) /3(^)(9z„), [l](z)), 

for all k^l^m ^ J . Introduce the function 

CLittjClk Ji,j,k 



A2,r dZmi ■■■dz 

n 

lap d^P 



4! dzkdzedzm 



4! dfA^^di; 



(5-61) P(^) = ^ E 

Proposition 5.23. We have 

(5.62) (mid,) /3(^)(a,) /3(^)(9z™), [l]iz)) 

for all k,i,m E J. 



dzidzfdz 
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Proof. For k,i & J, we define the differential one-form ip^^i on C" — A by tlie formula 

(5.63) Mdm) = {/3{z){dk)*.P{z){de),/3{z){d^)),. 

The canonical isomorphism identifies the residue form and the contravariant form and there- 
fore we may write 

(5.64) tpkAdm) = 5(")(a(z)/3(^)(a,) a{z)f3{z){d,),a{z)P{z){dJ). 
Lemma 5.24. The form ipk/ is the differential of the function 

(5.65) ^^^^(^,)=\AJ-S^^\vk,i,q{z)), 
if k ^ i, and of the function 

(5.66) ¥^m(^) = Y E Z^^^"^^"^^'''"^^' 
if k = i, where j is any number in J such that j ^ k. 

Proof The vector a{z)(3{z){dk) *z a{z)(3{z){di) = aiz){[^] g]) G Sing V equals ^^Vk/ if 

k ^ i and equals X]t^{j k} d^^d t '^^^fc ii k = i. We also have a{z)/3{z){dm) = This 
implies the lemma. □ 

Proposition 15.231 is equivalent to the formula 

(5-67) - — -— = ipk/ 

dzkdzi 

for all k,i & J. The proof of fl5.67p is by direct verification. Namely, assume that k < £. 
Then 



(5.68) 

d^P _ ciiakae / flk,i 1 ^ fk,i,i 1 ^ fk,e,i 

dzkdz£ 2|ap di^kdh/di^id^/ /^ dk^idi^idi^^di^k ~^ dk/di^idi^kdk/ 



.^^ A.,^ r^,^ k<i<e ' ' ' ' i>e 



We also have 
(5.69) 



fk,e = — rS"*-"^ ( Vk,e, — 

2|a| ^dk/ ' 7^ dijdj^kdk,i 



J i,j,k 



^ C(a)f \^ , \^ fi,e,k . \^ fe,i,k 



2|a|(iA:,^ ^ ' ' di^ed£^kdk,i ' ^^-'^^diidi^kdk,i ' de^idi^kdk/ 

QjQ^Qfc / _ fi,e,k _ sr-^ fi,e,k _|_ fe,i,k 

2|aP(ife/ V ~f di edi kdk^i di/di kdk^i ~i dadi kdk/ 

' t<k ' ' ' k<i<t ' ' ' t>l ' ' ' 
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Comparing fl5.68p and f l5.68p we conclude that fl5.67p holds if k < i. Assume that k 
Then 

/r ^^-P _ \ ^ CLjO'jO'k fi,j,k 

'-''^k i<J "'j,k^k,i 



We also have 



(5-ri) ^k, = Y: E 



i-2 



Vi,k + , , Vj,k,Vi,j 



2|a| dijdj^kdk,i ^dt/di^k ' dk/dj^k 

^--y ttittjak fi,j,k f di^i ^ d, 
^—^ 2\aPdi,.j di idi kdk i/^ di h d 



k,£ '^i,j'^j,k^k,i ^ '^ijk ^j,k' 

id,k 



\ ^ O'iO'jO'k fi,j,k di^kdij \ ^ (liCljClk fi^ 

'2\a\'^dk^e dijdj^f^df^ i di^kdj± 2|aP d'^ j^d'l - 

Comparing fl5.70p and f l5.7ip we conclude that (15.670 holds for k = i. The proposition is 
proved. □ 

Both functions |apP(2;)/4! and P{z) satisfy the same equation and both functions are ho- 
mogeneous polynomials in z of degree four. Hence |apP(2;)/4! = P{z). Thus the proposition 
implies the theorem. □ 

The period map g : C" — A — t- C" — A is a polynomial map in z of degree two with respect 
to the combinatorial connection. 

The space Singy has distinguished bases labeled by G J. The basis corresponding to 
k consists of the vectors Vij such that 1 ^ i < j ^ n and k ^ {hj}- Such a basis defines 
coordinate hyperplanes in Sing V. 

Lemma 5.25. The period map sends the discriminant A C C" to the union Ay C SingV^ 
of all coordinate hyperplanes of all distinguished bases in Sing V^. 

Proof. The period map is given by the formula q(z) = -pW T^' -j — — f « where the sum 

is over all pairs i < j such that k ^ Thus the functions ^ -d^'^dk coordinate 

functions of the period map in this (combinatorially flat) basis. The lemma follows from this 
description of the coordinate functions. □ 

Lemma 5.26. For z G C" — A, the kernel of the differential of the period map is two 
dimensional. The kernel is spanned by the vectors 

(5.72) '^dj^idj, ieJ. 

Any two of these vectors are linearly independent. □ 
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Introduce the potential function of second kind 
(5.73) Pizu...,zn 
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1 aiajak ^ 

li J2 J2 J2 Jid,k^'^S Ji,j,k- 



Theorem 5.27. For any mo, . . . , m4 & J we have 



(5.74) 



^5p 



^^rriQ • • • 9z^^ 



(^) 



"mo 



mo 



"1714 



m4 



,[i](^; 



Theorem 15.271 proves Conjecture 13.141 for this family of arrangements. 
If mi 7^ 1712 and ms ^ m^, equation fl5.74l) takes the form 

(5.75) (-^mo (^)^mi ,m2 5 ^m3,m4) '^mi ,m2 '^m3,m4 7{ (^)' 

...dz.. 



1714 



Corollary 5.28. The matrix elements of the operators Ki{z) with respect to the (combina- 
torially constant) vectors Vij are described by the fifth derivatives of the potential function 
of second kind. 



-'m3,m4> 



'^mi ,1712 ^rri'i, ,m4 ' 



4! dzyn-i ■ ■ ■ dzm4 



Notice that 

(5.76) ^^"H^mi.m^,^. 

where P{z) is the potential function of first kind, see Theorem 13. Ill 
Proof. We have the relation d-ij [j^] = for any i & J, see fl5.36p . and the relation 

d d^P 



(5.77) 



i6J 



dzj dzm^ ...dz„ 



-iz) = 



for any mi, . . . , m4, i E J. By using these two relations and by reordering the set J if nec- 
essary, we can reduce formula fl5.74p to three case in which (mo, . . . , m4) equals (5, 1, 2, 3, 4) 
or (3, 1,2, 3, 4) or (3,1,2,1,2). 

Let (mo, . . . , m4) = (5, 1, 2, 3, 4). Then q^J^^'^q^^ {z) = and 



(5.78) 

Let (mo, 
(5.79) 



a„ 



''m4 



[i](^; 



3,4 



(^5(^)^^1,2,^^3,4) 



di, 



= -. — -r^r S''°'\a^vi^2 + a.iV2,-> + 02^5,1,^^3,4) = 0. 

"1,2«3,4/5,1,2 

(3,1,2,3,4). Then ^j-^(.)=0 and 



a„ 



mo 



[i](^; 



m4 -' 



diod; 



3,4 



-S^'^) (^3(^)^^1,2, t;3,4) 



di. 



, , 5'(")(a3fi,2 + aif2.3 + a2f3,l,t^3,4) 

"1,2"3,4/3,1,2 

di^2 a2Cis0'4 010304 N 

C^l, 2*^3,4/3, 1,2 



fll 1 1 


^2 — TT 


a 


a 



■) = o. 
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Let (mo, 
(5.80) 



m4) = (3,1,2,1,2). Then 



dz 



mo 



m4 -' 



(^) 
1 



Qia2Q3 



and 



dl,2/l,2,3 
5('^)(ir3(^)t^l,2,t^l,2) 



, , 5'("n«3^1,2 + aiV2,3 + 02^^3,1, ^^1,2) 

"1,2«1,2/3,1,2 



C^l, 2*^1, 2/3, 1,2 

The theorem is proved. 



aia2 Z]j^{i,2} , 0102(33 , aia2a3 
(as --^p — h ai — 7—. h 02 — 7—. — 



) 



'^1,2/: 



1,2,3 



□ 



5.9. Probenius like structure. Consider the quotient M of C" by the two-dimensional 
subspace, which is the kernel of the period map, see Lemma 15.261 Let vr : C" — )■ M be the 
natural projection. Then all our objects descend to the quotient and form on M — vr(A) a 
structure which we will also call a Forhenius like structure. 

6. Generic arrangements in C'' 

6.1. An arrangement in C" x C'^. Consider C'^ with coordinates ti,...,tk, with co- 
ordinates Zi, . . . , Zn- Fix n linear functions on C'^, Qj = X]m=i ^T^m, j & J, b'j^ E C. For 
ii, . . . ,ik C J, denote 



(6.1) 



We assume that all the numbers di^^,,,^i^ are nonzero if ii, . . . ,ik are distinct. We define n 
linear functions on C" X C'^, fj = Zj + Qj, j e J. In x C*^ we define the arrangement 
C = {H, I fj = 0, jeJ}. 

For every z = {zi, . . . , Zn) the arrangement C induces an arrangement C{z) in the fiber of 
the projection C" x C'^ — > C" over z. We identify every fiber with C^. Then C{z) consists 
of hyperplanes Hj{z),j G J, defined in C'^ by the equations fj = 0. Denote U{C{z)) = 
— Uj^jHj{z), the complement to the arrangement C{z). 

The arrangement C{z) is with normal crossings if and only if 2; G C" — A, 

(6.2) A = U{i.^-^^..,irjHi- 

where if,. 



(6.3) 



-'{n<---<ifc+i}cJ-'-'n, 5 
'n,- -,«fe+i is the hyperplane defined by the equation 

fc+i 

m=l 



0, 



fil,--;ik+i ~ -'-) 



6.2. Good fibers. For any z G C" — A, the space ^'^(C(z)) has the standard basis 
{Hij^{z) , . . . , Hi^{z)) , 1 ^ ii < ■ ■ ■ < ik ^ n. The space J^''{C{z)) has the standard dual 
basis F{Hi-^{z), . . . , Hi^{z)). For 2;^, 2;^ G C" — A, the combinatorial connection identifies the 
spaces A^{C{z^)), J^^{C{z^)) with the spaces A^{C{z^)), 7^{C{z^)), respectively, by identi- 
fying the corresponding standard bases. 

Assume that nonzero weights {aj)j^j are given. Then each arrangement C{z) is weighted. 
For z G — A, the arrangement C{z) is unbalanced if \a\ 7^ 0. We assume that \a\ 7^ 0. 

For z G - A, we denote V = J^''{C{z)), V* = {J^''{C{z)y = A\C{z)), F,,,...,^^ = 
F{Hi^{z), . . .,H,i^{z)). For any permutation o G S^, we have Fi = {-ly Fi^^^^i^. If 
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^ = 'I2i!ii^<-<ik^n'^h,-,ik^h,-,ik is a vector of V, we introduce Ci^,...,i^ for all ii, . . . ,ik e J hj 
the rule: Ci^(i),...,i„(fc) = (— l)'^Cij^...^jj.. The contravariant form on V is defined by 

(6.4) ^('^)(F,,,...,„F,,,...,,J = 0, 

k 

m=l 

the singular subspace is defined by 
(6.5) 

SingV^ = I J2 Ci,^...,iuFh,-^u I «i CjJi,...j,_, = for all {ji, . . . ,jfc-i} C j}. 

By Corollary 12. 8[ the restriction of S'*-"-' to SingV^ is nondegenerate. Denote (SingV^)-*- the 
orthogonal complement to Singy with respect to S'^°'\ Then V = SingV^ © (SingV^)-*-. 
Denote tt : V ^ Sing V the orthogonal projection. 

Lemma 6.1. The space (SingV^)-*- is generated by vectors 
(6-6) Y^jJu-dk-i, 

labeled by subsets {ji, . . . , jfc-i} C J. □ 

For distinct ii, . . . ,ik, we define the vector i^ii,...,^^, G by the formula 

k ^ 

(6-7) 'yn,...,ifc = Fi-^^,...,ik ~ T~|~ y 



a 

m=l jeJ 



,^k■ 



We have = {-lYvi^^,„^i^. Set = if ii, . . . , are not distinct. 

Lemma 6.2. We have the following properties. 

(i) dimSing\/= (V)- 

(ii) For distinct ii, . . . ,ik, we have Vi^^,„^ij_ G Sing V and = 'n:{Fi^,...,iy.) ■ 

(iii) For {ji, . . . ,ik-i} C J, we have f2jejVn,...,j,_„j = 0. 

(iv) For any m G J, the set 1 ^ ii < ■ ■ ■ < ik ^ n, m ^ {ii, . . . , i^}, is a basis of 
Sing V. 

□ 

Lemma 6.3. l^e have 

(6.8) 5(")(^n,...,.., ^^.i,...jJ = 0, ^/ |{^l, • • • , ^fc} H {ji, . . . , jJI < - 1, 

•^^"^(t^ii,...,,^^.!,,^^,^^,...,,;,.!,,;,^!) = T^r~^ for distinct ii, ... ,ik-i,ik,ik+i, 



I ^ /I . I I ^ ^ 



'^ij 11™=! ^« 



□ 

Proof. The lemma is a straightforward corollary of (16. 4p and (16. 7p . □ 
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6.3. Operators Ki{z) : V ^ V. For any subset {zi, . . . , ifc+i} C J, we define the linear 
operator Lj^^ j^^^ : V ^ V hj the formula 

fc+i 

(6.9) r ^ (-l)" " , , m = l,...,fc + l, 

^h,-,jk ^ 0' if {ii' • • • ' ifc} is not a subset of {h, . . . , ik+i}, 

see formula (13.51) . Notice that Lij^^,,,^i^_^^ does not depend on the order of ii, . . . ,ik+i- 
We define the operators Ki{z) : V —> V , i & J, by the formula 

(6.10) K,{z)=J2^^^L,,n,....., 

Ji,ii,...,ik 

where the sum is over all unordered subsets {^i, . . . ,ik} C J — {i}, see formula (13. 6p . For 
any i E J and 2; G C" — A, the operator Ki{z) preserves the subspace Sing V" C V and is a 
symmetric operator, S^"'\Ki{z)v,w) = S^'^\v,Ki{z)w) for all G V", see Theorem 13. 2[ 



Lemma 6.4. We have 



, fc+i 
di. 



(6.11) iri,(2;)fi2,...,i,+i = ^{-lY+^a,^v^^^ j^^^^ -^^^, ^ {«2,...,4+i}, 

Jil,i2vi«fe+l 



m^{il,...,ik} 



1 



Proof. The operator Ki[z) preserve the decomposition Singl/© (Singl^) . Hence 

= "(t"^ E(-i)'"'<"<^.. 5 ....) = Xi<-i)' 



J«l,J2,...,«fe + l ' Jll,l2,.--,*fc+l 

□ 

The differential equations (I3.14p for flat sections of the Gauss-Manin connection on 
(C" - A) X Sing V ^C^-A take the form 

dl 

(6.12) K—{z) = K,{z)I{z), jeJ. 
For generic k, all the flat sections are given by the formula 

(6.13) I,{z)= if Uf^^^'^T^^^t^^-'-^^t^)^^^^-^ 



1 



see formula (I3.12p . These generic k can be determined more precisely from the determinant 
formula in |Vlj . 
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6.4. Algebra A,^{z). The master function of the arrangement C{z) is 
(6.14) 



The critical point equations are 
(6.15) 



k. 



Introduce Hi,i = 1, . . . , k, hj the formula 
(6.16) ^* 
The critical set is 



9Z^ J fj 



(6.17) 



C^iz) = {tEU{Ciz))\^iz,t) = 0,t = l, 



,k} 
k}. 



= {teU{C{z)) I H,{z,t) = 0,1 = 1, 
The algebra of functions on the critical set is 

(6.18) A^{z) = C{U{C{z)))/(^^^,...,^) = C{U{C{z)))/{H,,.. 

Lemma 6.5. We have dim A^{z) = {^~f^^) ■ 

Introduce elements Wi^^,,,^ij_ G A,^{z) by the formula 



(6.19) 

Lemma 6.6. We have w 
(6.20) 



d 



'ii,...,ik 



«CT(l)vi*CT(fc) 



'^ywii,...,ik for cr ^^k and 



Proof. The lemma follows from the identity 
(6.21) ^!^A---A^^^^^A- 

Jii Jik-i 

Ed, 
dii . . . ttk-ltti - 



4l,.--,«fe-l,« 



-dti A ■ ■ ■ A dtk + y^^dzj A /J 



fil ■ ■ ■ fk—lfi 

where fij are suitable k — 1-forms. 

The elements [^], i & J, generate A<s,{z) by Lemma [2. 4[ 
Lemma 6.7. For ii, . . . ,ik-i G J, we have the following identity in Aij,{z), 



(6.22) 



,«fc-i 



'Oj. 

-fi 



0. 
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Denote / = {ii, . . . , ik-i}- Relation fl6.22p will be called the I-relation 
Lemma 6.8. We have in 
(6.23) 

d 



k+l 



fh 
- fh - 



H2,...,lk+1 ^^( — 1' 



■ fii 



ifii i {^2, ■ ■ -,4+1}, 



m^{n,...,ifc} 



□ 



Proof. The first formula follows from the identity 

fc+i 



df- 

(6.24) ^ A 

III 



Proof. 



A 



4fife+i _ ^/ii, 
fik+i ft 



,«fe+i 



A 



m=l 



fil 



A • ■ ■ A 



A ■ • • A 



df 



*fc+i 



□ 
□ 



Lemma 6.9. Fixio E J. Then every monomial M = Yljej ['f'Y^ ^ ^^(-s) with "^j^j Sj = k 
can be written as a linear combination of elements Wi^^„,^if, where i\ < ■ ■ ■ < ik and io ^ 
{ii, . . . ,ik} with coefficients independent of z. 



Proof. Let us write 
(6.25) 



M 





f- 






'a.; ' 

Jm 


^Jm 


-fk) ■ 








' f jm ' 





where ^o, Ji, ■ ■ ■ ,jm are distinct 



' ^Jm 



are positive and ii^ + ij-^^ + ■ ■ ■ + 



'3m 



k. 



If 



> 0, then let us decrease by one. For that let us use an /-relation of formula 

, jm but does not contain 



fl6.22p . where / = {pi, . . . ,Pk-i\ is any subset which contains ji, 
iQ. By using fl6.22p . we can write 

(6.26) 





f- 




f- 
'-'0 


-/«o ■ 




- fio ■ 





E 



H,pi,...,Pk-i 



di 



«0,Plv.Pfe-l 



a. 



i^{io,Pi,.--,Pfc-l} 

Substituting this expression into M, we will present M as a sum of monomials M' with the 
degree of [7^] equal to £j„ — 1. In any monomial M' the degrees of initial factors \t^] are the 

same and one new factor appears. Now to each of the monomials M' we will apply the same 
procedure until the monomial T^l will not appear in each of the constructed monomial. 
Then we will decrease those degrees of ij-^, . . . which are greater than one. In the end 
we will present M as a sum of monomials of the form T^l . . . l-P^] , where ii < ■ ■ ■ < ik and 

^0 ^ {^1, • • • 5 h}- Such a monomial equals ^j-^— □ 



Lemma 6.10. Fix iq G J. Then every monomial M = Ylj&j ['f^Y' ^ ^<s>iz) can be written 



as a C-linear combination of elements Wi^^,,,^i^ where ii < ■ ■ ■ < ik and io ^ {zi, 
Yljej^j 7^ then the coefficients of the linear combination will depend on z. 



.ik}- If 
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Proof. The lemma follows from Lemmas 16. 9[ I6.8[ 13.41 □ 

Theorem 6.11. Fix io G J. Then the ["'^'^) elements with ii < ■ ■ ■ < i^ and 

io ^ {ii, . . . , ik}, form a basis of A^{z). 

Proof. The elements [ j-] , i E J, generate by Lemma [2.4[ Each polynomial in [ j-] , 

2 G J, is a linear combination of ("^^) elements Wi^^,,,^i^. with ii < ■ ■ ■ < it and io ^ {^i, • • • , ik] 
by Lemma [6.101 But dim. Ai^{z) = ("^^)- The theorem follows. □ 

Theorem 6.12. For G J, the identity element G satisfies the equation 

(6.27) [l](z) = ^ E 



ii<--<ifc LLm=0\ "'jo,...,i„,...,ifc 

iO^{il,...,ifc} 



I I n<---<»fc llm=oV -^y "'jo, ■■■,«m, 

io^{n,.-.,ifc} 

Proof. Our goal is to prove that the decomposition of 

' ' ieJ ' ' si+-+s„=fe ^ ' jeJ ■'^ 

with respect to the basis zi < ■ ■ ■ < z^, zq ^ {^i? ■ • ■ ? 4}) equals the right hand side 

in fl6.27l) . For every monomial Hjej-^j^ "^^ need to show that (^^ ^ ) Yljej ['f'Y^ equals 
the coefficient of that monomial in (I6.27p . For that we need to express Yljej [^Y^ ^ 
linear combination of basis vectors. To obtain this linear combination we will eliminate from 
this product the factor T^l and will make the powers of all other factors not greater 

than 1. This will be done by using the /-relations of formula f l6.22p like in the proof of 
Lemma 16.91 At every step of that simplification we will use one of the /-relations. Although 
the steps of this procedure are not unique, the resulting linear combination is unique. To 
prove that the linear combination of basis vectors representing (^^ ^ ) IljeJ [^] equals 
the coefficient of HjeJ^i^ fl6.27p . we will fix an arbitrary basis vector Wi^^,,,^i^, and choose 
a particular sequence of /-relations so that the coefficient of Wi^^,,,^i^ in the decomposition of 
eJ [7^"] ' ^'^^^ t)e equal to the coefficient of HjeJ ^i'^»iv,ifc 1^ dHlST]). 
By comparing the coefficients of a monomial HjeJ ^7 (I6.27P and fl6.28p . we observe that 
the coefficients have common factors rkk i ^ ) , so we will ignore these common factors in 
our next reasonings. 

Before explaining the choice of the /-relations for an arbitrary pair (HjeJ "^j^' ^n-- -,**;) 
us consider two examples. 
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As the first example, we consider a monomial M 
{«!,... Zj^}. The coefficient of M in fl6.28p is 



< 4, «0 ^ 



(6.29) 









-/ii ■ 







dn,...,tk 



-w. 



ii,...,ik 



y ^) dio,ii,...,ik 



W. 



n 



m=OV / lo,...,4mv.«fe 



which is the coefficient of M in fl6.27p . 

As the second example we consider a monomial M = Zi^Zj^ . . . Zj^,_^, where io.ji, . . . , jfc-i 
are distinct. The monomial M appears in fl6.27p in the coefficient of a basis vector Wi-^^,,,^i^^ 
if {ji, . . . , jfc-i} C {ii, . . . , ifc}. So we may assume that for some 1 ^ £ ^ A;, we have 
M = Zi„ni=i Zi^. In (E2SD, the coefficient of M is [^1 Ut^i By using the /- 

relation for / = {io, h, ■ ■ ■ ■ ■ ■ , 'ik}, "we transform it into 



(6.30) 



n 



E 



m,i-i_,...,ii,...,ik 



^jte rn^{io,ii,...,ie,...,ik} 



10,11, ■■■,te,...,tk 



fn 



We choose the summand in fl6.30p corresponding to m = i£. This summand is 



Hi/ 

m = l 



d. 



iO,Jl,...,«^,...,lfc 



n 



10, •••,*m,. 



which is the coefficient of Mwi^^,„^i^^,„^i^, in fl6.27p . 

Now let M be an arbitrary monomial of degree k in variables zi, . . . , The monomial 
M appears in fl6.27p in the coefficient of a vector Wi^^,,,^i^ if there is a subset {pi, . . . C 



such that M = z^°YVm=l^i^ ^ Y7m=o^"i = and all numbers Si,...,Sr are 
positive. Denote {gi, . . . , qk-r} = {1, • • • , ^} — {pi, ■ ■ ■ ,Pr}, the complement. 

In flOHj) . the coefficient of M is P = [j^Y" YVm=i [t^ ■ To express this product 

J iQ J'^Pm J 

as a linear combination of the basis vectors we need to apply to this product /-relations 
k — r times. To calculate the coefficient of we ffist apply the /-relation with / = 

Hq, ii, . . . ,i„j^, . . . , ik} C {io, . . . , ik} and decrease the degree of T^l by 1, 



P 



"10 



«0 



so-1 



n 



E 



"l,«0,«l,---,«9i ,---,«fc 



m^{io,...,i;;,...,jfc} *0,*0,*i,...,*,i,...,*fe 



- /m - 



In the next steps we will simplify further the ffist factors of this expression. After the future 
simplifications the only term of this sum that can give Wi^^,,,^i^, is the term with m 



"qii 
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which is 
(6.31) 



a. 



«0 



fio - 



SQ-l 



SQ-l 



«0 



n 

"71=1 

r 

n 



a,- 



1 •I^Pm 10,10,11, 



'91 



iO,ll,...,lfc 



L Lfi J (-1)91^. . 



fic 



We will call this term the main term. Now we apply the /-relation with / = {io,"^!; • • • , 
ik] C jzo, . . . ,^fc| and again decrease the degree of T^l by one. After the second 



1/^2 ) • • • ; 

step the only term of the obtained sum that may produce the vector 



is the term 



^0 



SQ-l 



n 



dr 



dr 



«0,il,...,«fe 



This will be our main term after two steps of the simplifying procedure. We will repeat this 
procedure to kill all factors [j^] ■ After Si^ steps the main term will be 



m=l ■' *P 



n 



d; 



1 ^1 



fit 



Now we will apply the /-relation with I = {iq, . . . , i 



Pli • • • 1 "980 + 



1, . . . C {io, • • • and 



decrease the degree of [t^I by one. After this procedure the main term will be 



Pi 



n 



m=2 



n 



«0, «1, 



a.: 



12 



-ly^d. 



X 



'-l)5=o+irf. . 



'-Jsn + l 



IsQ + l' 



,1-k 



1so + l 



1 V J J0,21,---,«qmv,«fc 

Now we will be decreasing the degree of r^^^l to make it 1. Then we will continue this 
procedure of simplification, which will end with the main term 



\^ 20,21, 11 [ /*. 



n 



m=0\ 



-l)'"rf, 

^ In 



^0 vi^mi'-'jifc 

After replacing the first factor dr Til i t 

■t^ o ro,ii,...,4fc 1 im,=l 

factor equals the coefficient of Mwi^^,,,^i^ in (16.271) . The theorem is proved. 



with Wi^^,,,^i^ we observe that the second 

□ 



6.5. Canonical isomoprhism. The set of vectors fii,...,ij., 1 < ii < ■ ■ ■ < ife ^ is a basis 
of Singl^, by Lemma W?2\ For 2; G C" — A, the set of vectors ifii,...,^^., 1 < ii < ■ ■ ■ < ik ^ n, 
is a basis of Aq,{z), by Theorem 16.111 

Theorem 6.13. For 2; G C" — A, i/ie matrix of the canonical isomorphism a{z) : Aq,{z) — t- 
SingV^ w^/i respect to these bases does not depend on z. 

Proof. For 1 < nii < ■ ■ ■ < rrik ^ n and 1 ^ ii < ■ ■ • < ^ n denote 

1 1 Ueejfi 



(6.32) 



B. 



Res 



nj=l frrij 117 = 1 fij Y[i=l 
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Then 

(6.33) a{z){wm,,...,mj = 2^ (27rv^)^ Bi^,-,hFi^ 



I /7r•^ / — 11"- 

see formulas f l2.19p . fl2.22p . In order to prove the theorem we need to show that every -Bii,...,^^. 
does not depend on z. 
The differential form 



(6.34) ^ = ^ A---Arf4 

11^=1 frrij 11^=1 fij Y[i=l 

has poles only on the hypersurfaces Hi = 0, i = l,...,k. The poles are of first order. 
To calculate Bi^ i^^, we need to take the residue ip = Res//.=o,i=i,...,fe-i of the form u at 
the curve C = {Hi = 0,i = — 1} and then take the residue of the form ip on the 

curve C at the points where H^ = 0. This is the same as if we took with minus sign the 
residue at infinity of the form ip on the curve C. That residue at infinity (up to sign) can 
be obtained differently in two steps. First we may take the residue of a; at the hyperplane 
at infinity (denote the residue by ip) and then take the residue of at the points of the set 
{Hi = 0,t = l,...,k-1}. 

So to calculate Bi^^,,,^i^ we first calculate ip. The coordinates at infinity are ui = ti/tk, ■ ■ ■ , 

ttfc_i = tk-i/tk, Uk = We have fm = {bl^ui H h b^^Uk-i + + ZmUk)/uk. Denote 

/m(ui, . . . ,Mfc_i) = h]^ui + h h^^^Uk-i + For i = 1, . . . , k, we have Hi{ui/uk,. . . , 

Uk-i/uk, l/wfc) = Hi{ui, Uk^i, Uk)/ul~\ where Hi{ui, Uk_i, Uk) is a polynomial De- 
note Hi{ui, . . . , Uk-i) = Hi{ui, . . . , Uk-i, 0). The polynomial Hi{ui, . . . , Uk-i) does not de- 
pend on z. 

We have dti A ■ ■ ■ A dtk = — w+idui A ■ ■ ■ A duk- By counting all orders of Uk in factors 

of uj we conclude that the form uj has the first order pole at the hyperplane at infinity. The 
residue of a; at the infinite hyperplane equals 

(6.35) ±27rv^ ^ , dui A ■ ■ ■ A duk-i. 

Y\.j=l frrij Y\.j=l fij Y\.i=l 

This form does not depend on z. Now we are supposed to take the sum of residues of ip at 
the points of the set {Hi = 0,i = 1, . . . , k — 1} and the polynomials Hi also do not depend 
on z. Hence Bi^^,,,^i^ does not depend on z. The theorem is proved. □ 

Define the naive isomorphism v{z) : A<s>{z) — )■ SingV^ by the formula 

(6-36) u{z) : ^-> fn,...,ifc 

for all ii, . . . ,ik E J. 

Lemma 6.14. The map v{z) is an isomorphism of vector spaces and for every i E J and 
w G Ai^{z) we have 

(6.37) u{z) y = Ki{z)u{z){w). 

Proof. The map z/(z) is an isomorphism by Lemma 16.21 and Theorem 16. Ill Formula fl6.37p 
holds by Lemmas 16.41 and 16.81 □ 



ARRANGEMENTS AND FROBENIUS LIKE STRUCTURES 51 
Introduce the linear isomorphism 

(6.38) C = a{z)u{z)-^ : Sing V -> Sing V. 

By Theorem 16.131 and Lemma 16.141 the isomorphism ( does not depend on z. By Theorems 
16.131 and 13.51 the isomorphism ( commutes with the action of operators Ki{z) for all i G J 
andzGC"-A, [Ki{z)X] = 0. 

Theorem 6.15. The isomorphism ( is a scalar operator. 

Proof. By Lemma 4.3 in [V5j, the eigenvalues of the operators Ki{z) separate the eigenvec- 
tors. The theorem follows from the fact that the operators Ki{z) have too many eigenvectors, 
and ( must preserve all of them. More precisely, let ii, . . . ,ik+i G J be distinct. Assume 
that z G C" — A tends to a generic point z^ of the hyperplane defined by the equation 
/«!,.. .,ifc+i = 0. It follows from Lemma [6.41 that the vector 

fc+i 

(6.39) X,,,...,,,, = e Sing V 

i=\ 

is the limit of an eigenvector of operators Ki{z) as 2; — z^. Hence, is an eigenvector 

of (. It is easy to see that the vectors generate Singl^ and for distinct ii, . . . ,ik+2 

we have 

k+2 

This equation implies that C is a scalar operator on the subspace generated by the vectors 
jfc_2' ^ ~ l,...,fc + 2, and this fact implies that C is a scalar operator on Sing V . □ 

Corollary 6.16. There exists c G such that a{z) = cv{z), that is, 

(6-41) a{z) : ^ cVi^,...,ik 

for all ii, . . . ,ijs & J . □ 
One may expect that c = (— l)'^, see Theorems 14.81 and 15. 151 

The canonical isomorphism a{z) induces an algebra structure on Sing\^ depending on 
2 G C" - A. 

Corollary 6.17. For any io ^ J; the identity element {l}{z) of that algebra structure 
satisfies the equation 



(6.42) {1}W = ^ E 



H<--<ifc llm=OV "'io,...,i^,...,ik 



where c is defined in Corollary \6.1& . □ 
Theorem 6.18. Conjectures \3. 7| and \3.S\ hold for this family of arrangements. 
Proof. Conjecture 13.81 is a direct corollary of Theorem 16.131 
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Lemma 6.19. For r ^ k and mi, . . . ,mr & J, we have 



(6.43) 



^'■{1} , A;(A;-l)...(A;-r + l) 

^ I — i i 



d^m\ • • • dZfYi, 



Proof. The proof is by induction on r. For r = 0, the statement is true: {1} = {!}• Assuming 
the statement is true for some r, we prove the statement for r + 1. We have 



d y{l} 
dzj dzm^ . . .dz„ 



d k{k-l) ...{k-r + 1] 



d k{k-l)...{k-r + l) 

dzj \a\^ 



J a 



i=i ■1'^' 



^(E---[|])'-') 



k — r 



(Mm 



k(k-l)...(k-r + l) , , 
*z r-r- a(z] 



L frrii - 

k{k-l)...{k-r + l){k-r) 



X 



|r+l 



-aiz. 



J J i=i 



Notice that in this calculation of the derivative we use Lemma 16.91 and Theorem 16.131 and 
we don't use Theorem 16. 13[ □ 

Let us finish the proof of Conjecture 13.71 We have 

d d''{l} k-r . wrcijlx k{k - 1) . . .{k - r + 1) /w-rTramJx 

= —"^'^w ' *' — \< — ( n I — ) - 



dZj OZjn-^ . . . Oz^rir 



|Cl| OZfYi-^ . . . OZfn^ 



Introduce the potential function of second kind 

Lh=i 



□ 



(6.44) P{Zu...,Zn) 



c 



(2*)! < n,i'i' - 

where c is the constant defined in Corollary 16.161 
Theorem 6.20. For any mo, . . . , € J, we have 



f . log- f . 



(6.45) 



Q2k+1 p 



dZfjiQ . . . OZfn^i_ 



"mo 



mo 



Theorem 16.201 proves Conjecture 13.141 for this family of arrangements. 

If mi, . . . , mfc are distinct and m^+i, . . . , are distinct, equation f l6.45p takes the form 

(6.46) 

g2k+l p 



Z \KmQ{z)Vmi,...,nH:,Vrrn.^i,...,m2t:) — '^■mi,...,mfc'^m,fc+i, 



dZjyiQ . . . QZ^^^ 



[z). 
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Corollary 6.21. The matrix elements of the operators Ki{z) with respect to the (combina- 
torially constant) vectors are described by the {2k + l)-st derivatives of the potential 

function of second kind. 

Notice that 

(6.47) C \vmi,...,mk,Vmk+i,...,m2k) = dnii,.. .,771^^771^+1, ■■■,m2k (^2k)\ 'Oz 'Oz '^^"^^ 

where P{z) is the potential function of first kind, see Theorem 13. Hi 

Proof. We have the /-relation X],eJ '^i.«iv>«fc-i [r"] ~ ^'^^ H, ■ ■ ■ ,ik-i G J, see fl6.22p . 

J J J 

and the relation 

(6-48) g^iz) = 



for any mi, . . . , m2k, H, ■ ■ ■ , ^k-i £ J ■ By using these two relations and by reordering the set 
J if necessary, we can reduce formula (16.451) to the case in which (mi, . . . ,mfc) are distinct, 
(m/c+i, . . . , m2k) are distinct, and mo ^ {^1, • • • , i^k}- After that we need to check identity 
(I6.46p . That is done by direct calculation of the left and right hand sides, c.f. the proof of 
Theorem 15.271 

For example, the most difficult case is if (mo, . . . , m2k) = (A; + 1, 1, . . . , fc, 1, . . . , A;). Then 
(6.49) . i^) = c' ^^-'"^ 



and 



dZjno ■ ■ ■ dZm2k {~^)^dl,...,kfl,...,k+l 

(6.50) (-1)'^([^1 [7^1, [!](.)) =^-^S^'^{K,+,{z)v,_,,v,_,) 

^LJmo-' ^Jm2k^ ^ ^ "'l,...,k 

1 ^ 

: S'^''\ak+iVi^...,k + y^(-l)%t;^+i 1 g J,, vi,...,k) = 

i=i 

c' ^ rik^ y a, + 1^4^ y a, 

V \a\ \a\ 

fe+i 

n 



dl,...,kfk+l,l,...,k 



dl,...,kfk+l,l,...,k 

T fe + 1 



e^{i,...,k} ' ' ie{i,...,k} 



dl,...,kfk+l,l,...,k 



m=l 



□ 



6.6. Concluding remarks. Consider a family of parallelly translated hyperp lanes like in 
Section [3l We assume that the weights are unbalance and, in particular, \a\ 7^ 0. 

Theorem 6.22. Conjectures \3. 7| and \3.8\ hold for this family of arrangements. 

Below we sketch the proof of this theorem, the complete proof will be published elsewhere. 

Sketch of the proof. Consider the standard basis Fji,...,j,. = F{Hj^, . . . , HjJ of V. The 
elements of the basis are labeled by independent subsets {ji < ■ ■ ■ < jk} C J. For an 
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independent subset {ji < ■ ■ • < jk} C J and 2; G C" — A, we introduce the element G 
A^{z) by the formula 

k 

(6-51) = n It' ■ 

i=i ^Ji^ 

Lemma 6.23. Every monomial M = HjeJ [7^]'''' ^ ^-i>(-2) with = ^ can be written 

as a linear combination of elements Wi-i^^,,,^ii^ with the coefficients of the linear combination 
independent of z. 

The proof of this lemma is similar to the proof of Lemma 16.91 

Lemma 6.24. For an independent subset {ji < ■ ■ ■ < jk}, let 

(6-52) a{z){wj^^,„jj = ^Bi^^,„^i^Fi^^,„^i^ 

be the image of Wj^^,,,j^ under the canonical isomorphism, where the sum is over the set of 
independent subsets {ii < ■ ■ ■ < ik\ C J. Then the coefficients do not depend on 

z G C" - A. 

The proof of this lemma is the same as the proof of Theorem I6.13[ 

Now the end of the proof of Theorem 16.221 is the same as the proof of Theorem 16.181 □ 
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